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Abstract

In this paper,we prove that, if T is the quotient of a decomposable on a separable Banach space
(M-hyponormal operator on area Hilbert space), then T is hypercyclic operators. We also show that
these classes of operators are supercyclic operators.
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Introduction

Let X be a complex Banach space, and £(T)
be the set of all bounded linear operators on X,
we also denote as usual the spectrum of T by
ag(T). If T £L{X), then apart of T is a bounded
operator obtained by restricting T to an invariant
closed subspace M, say T|y, a pat of the
spectrum of T is denoted by, 5(T|,, ), where M is
an invariant closed subspace of T.

An operator T € L£{X) is called hypercyclic if
there is a vector x € X with dense orbit
{x,Tx,T?x, ..}, and is caled supercyclic if there
isavector x £ X {cT"x:n=0,c €L} is dense
inX, see[3]. T € £{X) is said to be decomposable
if every open cover T =U uUVof the complex
plane C by two open sets U and V effects a
splitting of the spectrum =(T) and of the space
X, inthe sense that there exist T-invariant closed
linear subspaces ¥ and Z of X for which
g(Tly)S U, a(T|z)cV, and X =¥+ Z, for
example, al norma operators on a Hilbert
space, compact operators and generalized scalar
operators on Banach spaces are decomposable,
seel6].

Also, for a T-invariant closed subspace M of
T, let T/MeL(X /M) denote the operator
induced by T e £{X] on the quotient space
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X /M.and called it the quotient of operator, It is
known that every quotient space is Banach
space, if X is Banach space, see[6].

Following to[2], let H be a complex Hilbert
space. T € L{H), T issaid to be M-hyponormal
operator, if there exists a constant number M = 0
such that | {T—ADx =M I{T—ADx| for
each complex number A. It is known that every

hyponormal operator and every normal operator
are M-hyponormal operators.The purpose of the
present paper is to study the quotient of a
decomposable on a complex Banach space and
the M—hyponormal operator on a rea Hilbert
space to be hypercyclic or supercyclic under
sufficient conditions.

Preliminaries

An operator T £ £(Xx) is sad to be have
single valued extension property (SVEP) at 4, if
for every open set Iy = € containing 4, the only
analytic solution f: 7 — X of the equation

(T—ADNflA)=0 (AU

is the zero function., an operator T is said to
have SVEP if T has SVEP a every
A ([4][6])

Given T & L(X), the local resolvent set
pr(x)of Tat the point x £ X is defined as the



union of all open subsets U = T for which there
isan analytic function f: U — X such that

(T—ADFM) =x (AEU)

The local spectrum o+(x) of T at x is then
defined as _

orlx) =T\ pr(x)

For T £ £{X), we define the local ( resp.
glocal) spectral subspaces of T as follows.
Givenaset F c L (resp. aclosedset 7 = ).

X (F)={xEX:0;(x)CF}

(resp.

X:(G)={xeXx:.there exists an analytic
function f:C\G —= X suchthat (T — ANf(A)=x
forall 2 eC\G}).

Note that T has SVEP if and only if
X(F)=2X(F) for all closed sets Fc, [5
Proposition (3.3.2)].

An operator T e L£(X) has Dunford's
property (C) if the local spectra subspace
X+(F)is closed for every closed set F = . We
also say that T has Bishop's property (5) if for
every  sequence  f,:U—X such that
(T — AI)F,(4) = 0 uniformly on compact subsets
in U, it follows that 7 — 0 uniformly on
compact subsetsin U. It iswell known [&, 7] that
Bishop's property () = Dunford's property (C)
= SVEP.

Moreover, an operator T L({X] has
decomposition property (&) if
X =20 + x:() for every open cover
{U,Viof L.

As shown in [1], an operator T £ £{X} has
property &) iff it is the quotient of a
decomposable operator. Moreover properties
(5) and (&) are dual to each other, in the sense
that an operator T € L{X) has property () iff its
adjoint has property (37, and conversdly, T has
property (&) iff its adjoint has property (5.

The following result from Feldman, Miller
and Miller [3], gives the relation between parts

of the spectrum and the local spectra of an
operator with Dunford's property ().
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Proposition (2.1):

If T € £L(X) has Dunford's property (), then
sr(x) = o(T| /) wWhenever F=op{x) for
some nonzero x € X.

The following result from Feldman, Miller
and Miller [3], gives sufficient condition for an
operator to be hypercyclic, we denote the
interior and exterior of the unit circle by I, ©\In
respectively.

Coroallary (2.2)

Let ¥ be a complex Banach space and
suppose that T € £{x] has the decomposition
property (&), If oer(x")nD=a and
orelx)n{C\D)=a for every nonzero
x* € X*. Then T is hypercyclic.

If 4is acompact set in the complex plane
and e=0, then denote the
e —neighborhood of 4, that is,
{z:dist(z,A)<e}. For the proof of the
following classic result see Newman [7],
Corollary 1.

Lemma (2.3)

If K is any compact set in the complex
plane, A is a component of ¥, and ¢ = 0, then
there exists digoint open sets U,V such that
EclUlUVand4 cUcB(4,¢6).

If =0, we denote the circle
{zeC:|z|=p} byl,. The interior and exterior
of I, are the regions intl, ={z¢€ C:|z| < p]
and extl, ={z €C:|z| > p]. Recal that an
operator T of is said to be o —outer ( outer with
respect to I, ) or g —inner ( inner with respect to
I, ) provided that T satisfies conditions either (a)
Xr(extll) is dense and for every e:==0,
Xr(intx,_.), or (b) Xr(intl;) is dense and for
every € = 0, Xr(extl,_.) isdense, respectively.

The following Theorem is a stronger form of
aresult due to Herrero [5, Proposition (3.1)].

B(4e)

B4, e) =
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Theorem (2.4)

If T eL(X)is a supercyclic operator on a
separable Banach space X, then there exists a
circle I, p =0, such that &(T*[y,)n I, = ¢ for
every nonzero weak*closed T+ —invariant
subspace i of Xx-.

In particular, every component of
spectrum of T intersects I.,.

If T isasupercyclic operator, then any circle
as in Theorem (24) will be cdled a
supercyclicity circle for T.

The following result from Feldman, Miller
and Miller [3], gives sufficient condition for an
operator to be supercyclic

the

Coroallary (2.5):

Let ¥ be a complex Banach space and
assume that T = r(x) has the decomposition
property (&) .If there exists a circle I,, p =0,

satisfying either:
a- FOr every nonzero x*& X*, or-(x*)
intersects
both I, and intr,, or
b- For every nonzero x*e X+, op-(x")

inter sects
both r, and extr.

Then T is supercyclic.

Main Results For hypercyclicity
Proposition (3.1):

If T is a quotient of a decomposable
operator on a complex Banach space X, and
(T |y dnD=0 and (T )N(C\I) =0
for every hyperinvariant M of T°, then T is
hypercyclic.

Proof:

Let T be a quotient of a decomposable
operator on X, then T has property (&). Hence,
T* has property (5, and so T* has property (C).
Since o(T* )N D=0 and
o{ T+ |00 (0\I) = o for every hyperinvariant
M= of T, and x;.(F) is hyperinvariant for every
closed set F = i, then & ( T* |;.__-j;h.:_r_-.xj NnD=¢and

o ( T™|%iF) } n (C\I) = ¢ Since T* has property
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(€), then or(x)=¢ (T' lxt.0e ) Whenever
F =o(x") for some nonzero x*£X* by
Proposition (2.1), it followsthat o+ (x* )N D =@
and s-(x*)n{(0\I)=0 for every nonzero
x* € X*. Thus Corollary (2.2) appliesto give that
T is hypercyclic.

Coroallary (3.2):

If T is a quotient of a decomposable
operator on X, and T is both inner and outer
with respect to a circle I, (where inner and

outer with respect to a circle I, is defined

above), p =0, then a multiple of T s
hypercyclic.
Proof:

If T is both inner and outer with respect to
I, then = T will be hypercyclic by Propsition
(3.2).

We now present new results for M-

hyponormal operator on a real Hilbert space
which is needed, then later

Proposition (3.3):

If T is M-hyponormal operator on a real
Hilbert space H, then T* has Bishop's property
(5.

Proof:

Let ' = T be an open set, and consider a
sequence of anaytic functions 7, :U —=H for
which (T*—a1)f, (1) =0 as n—o localy
uniformly on .We want to show that f;, =0 as
n — o2, again locally uniformly on U. Since T is
M-hyponormal operator, then T has property
(i), by [6, Proposition (2.4.9)]. Hence f, — 0 as
n — oo uniformly on all compact subsets of U,
for every sequence of analytic functions
fu:U—=H for which {T—-aI)f{1) =0 as
n — o2 uniformly on all compact subsets of U,
but we need f;, = 0 as n — o locally uniformly
on U, when ( T+ — 41 )f, (1) = 0 asn — = locally
uniformly on U Again, since T is M—hyponormal



operator, then there exists a constant number
M = 0 such that
[(T—Alyxl=MI|I{T-Ax| for dl 1 €R,
¥ € H. Thuswe have
I{T=A)FMI=MI{(T=-2)AD1 for
al AelU, fil)EH. SO(T—-A)*f (4L —=0as
n — oo Therefore T* has Bishop's property (5.

Remark (3.4):

Proposition (3.3) is not true if H is a
complex Hilbert space.

Now we shal prove that every M-

hyponormal operator on a real Hilbert space is
hypercyclic.

Proposition (3.5):

IF T is M—hyponormal operator on a real
Hilbert space H, and «(T*|;)nD =0 and
(T, ) n{C\I) = o for every hyperinvariant
Mof T*. Then T is hypercyclic.

Proof:
If T is M—hyponorma operator on a rea

space H, then T* has propety (), by
Proposition (3.3). Thus T* has property (,.and
so T has propety (&). Now, since
glTpnD=0 and o(T*,)Nn(R\D)=0
for every hyperinvariant M of T*, and Hy-(F) is
hyperinvariant for every closed set F = K, then
(T aep) N =0 and
o (T |sce) N (R\D) = @ Since T+ has property
(©), then o7+ (x) = o T*| i)

whenever F =o.-(x) for some nonzero
x € H, by Proposition (2.1), it follows that
crlx)ND=0 and op(xIn{®I)=o0 for
every nonzero x € H.Therefore T is hypercyclic
by Corollary (2.2).

Corollary (3.6):
If T is M-hyponormal operator on a real

Hilbert space H, and T is both inner and outer
with respect to a circle I, (where inner and

outer with respect to a circle I, is defined
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above), p =0, then a multiple of T Iis
hypercyclic.

Proof:
If T is both inner and outer with respect to

I, then 1_ T will be hypercyclic by Proposition
(3.5).

Main Resultsfor Supercyclic
Proposition (4.1):

If T is a quotient of a decomposable
operator on a complex Banach space X, and
thereexistsacircler;, p = 0, such that either:

a-For every hyperinvariant subspace M+ of
T+, o(T*|,e) INtersects I, and int I, Or

h-For every hyperinvariant subspace M+ of
T+, (T |5 Intersects 1, and ext I,.

Then T is supercyclic.

Proof:
Since T is a quotient of a decomposable

operator on X, then T has property (&). Hence T*
has property (5), and so T* has property (). If
a(T"|a) intersects I, and I, , for every
hyperinvariant subspace M* of T*. And since
X*(F) is hyperinvariant for every closed set
F ST, then o(T*| . () intersects I, and int I
Since T has propety (C)  then
orlx*)= o(T*| 7)) whenever F = - (x*) for
some nonzero x* € X*, by Proposition (2.1), it
follows that - (x*] intersects both I, and int I,
, for every nonzero x* € X*. Thus Corollary
(2.5) applies to give that T is supercyclic.
Similarly, if a(T*|y~) intersects I, and ext I, for
every hyperinvariant subspace M~ of T*, then T
IS supercyclic.

We say that an operator is purey
supercyclic, if it pure (It mains the restriction of
operator on any nontrivial invariant subspace is

not normal), supercyclic and no multiple of it is
hypercyclic.

Corallary (4.2):
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If T is a quotient decomposable operator on
X, and T is purely supercyclic, then T has
unigue supercyclicity circle.

Proof:

If there are two supercyclicity circles, I,
and I_ with 0 = g, < p;, then every part of the
spectrum of T intersects both I, and I,.. Now
choose a o such that py < p < .. An application
of Lemma (2.3) and the fact that every part of
a{T*1 must intersect both I, and I,_, imply that
every part of @(T*) will intersect I, as well as
the interior and exterior of I,. Thus, T is both
p —inner and p —outer, and the previous result
implies that a multiple of T is hypercyclic,
contrary to our assumption.

Corollary (4.3):
If {T,,} is a bounded sequence of quotient of

decomposable operators such that for every n,
T,, is supercyclic, then @&, T,, is supercyclic if
and only if there is a common supercyclicity
circle, I, p =0, and T, is o —inner for every n

Y fa

or T, is g —outer for every n.

Proof:

Let T=3,T,.. If T is supercyclic, then a
supercyclicity circle for T will be a
supercyclicity circle for each T,,. Similarly, if T
IS p —inner ( or @ —outer ), then T,, is 2 —inner
(or o —outer ) for each n. Conversely, suppose
I, isasupercyclicity circle for each T, and each
T, is p —outer. We need to check that if M* isa
hyperinvariant subspace for T°, then o{T*|,)
intersects both I, and exz I,. However, since M*
is hyperinvariant, it must be invariant under
every coordinate projection. Thus M* =3, M;,
where M}, is a hyperinvariant subspace of T,.
Thus, 7{T"|,+) 2 ¢(T,; | ) for each n. So, if n'is
such that M;; = {01, then by assumption o(T;; |z )
intersects both I, and ext I,. Thus o(T*|;+) aso
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intersects both I, and ext .. So, Theorem (4.1)
implies that T is supercyclic. If each T, is
2 —inner, then the proof issimilar.

Proposition (4.4):

If T is M—hyponormal operator on a real
Hilbert space H, and there exists a circle I,
o = 0, such that either:

a- For every hyperinvariant subspace M of

T
a(T*|,) intersects I, and int I, or
b- For every hyperinvariant subspace u of
T*,
g(T*|,)intersects I, and ext I;,.
Then T is supercyclic.

Proof:
Since T is M—hyponormal operator on a real

Hilbert space H, then T* has property (5), by
Proposition (3.3). Thus T* has property (), and
so T has property (&). If a(T*[y) intersects I,
and I, for every hyperinvariant subspace M of
T*. And since Hr+(F) is hyperinvariant for every
closed set F =, then o{T"| 4.7 intersects I,
and int I,. Now since T* has property (C), then

~
A

or(x") = a(T"|gnim) Whenever F = op(x
for some nonzero x* € H by Proposition (2.1), it
follows that and o4 (x*) intersects both I, and
it [, for every nonzero x* € H. Thus Corollary
(25 applies to gve tha T is
supercyclic.Similarly, if (T *|,~) intersects I
and ext I, for every hyperinvariant subspace M
of T*, then T is supercyclic.

Coroallary (4.5):
If T is M-hyponormal operator on a real

Hilbert space H, and T is purely supercyclic,
then T has unique supercyclicity circle.

Proof:
If there are two supercyclicity circles, I,

and I, with 0 = pq < p,, then every part of the



spectrum of T intersects both I, and I,_. Now
choose a ¢z such that o, < 2 = 2.. An application
of Lemma (2.3) and the fact that every part of
a{T ") must intersect both I, and 7, imply that
every part of =(T*) will intersect I, as well as
the interior and exterior of I.Thus, T is both
p —inner and p —outer, and the previous result
implies that a multiple of T is hypercyclic,
contrary to our assumption.

Corollary (4.6):
If {T,} is a bounded sequence of M-

hyponormal operators on a real Hilbert space H
such that for every »n, T, is supercyclic, then
@, T, is supercyclic if and only if there is a
common supercyclicity circle, I, p =0, and T,
is o —inner for every n or T, is p —outer for
every .

Proof:

Let =@, T,.. If T is supercyclic, then a
supercyclicity circle for T will be a
supercyclicity circle for each T,,. Similarly, if T
isp —inner (or o —outer), then T, is o —inner (or
p —outer ) for each n. Conversely, suppose I, is
a supercyclicity circle for each T,, and each T, is
o —outer. We need to check that if M is a
hyperinvariant subspace for T*, then o(T*|;)
intersects both I, and =xt I,. However, since M
is hyperinvariant, it must be invariant under
every coordinate projection. Thus M =3, M,
where M,, is a hyperinvariant subspace of T, .
Thus, (T*[;) 2 ¢(T,; |, ) fOr eachn. So, if nis
such that A,, = {0}, then by assumption (T | )
intersects both I, and ext . Thus o(T"|,;) also
intersects both I, and ext I,. So, Theorem (4.4)
implies that T is supercyclic. If each T, is
2 —inner, then the proof issimilar.
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