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Abstract 

We define a para−Lindelöf bitopological space and semipar−Lindelöf bitopological space and we 
find some properties of these concepts and give the relation between these concepts. 
 
Introduction 

The concept of paracompactness is due to 
dieudonne[5]. The concept of par−Lindelöf is 
due to fleissner [6]. The term space ( )ρτ ,,X  is 
referred to as a set X  with two general non 
identical topologies τ  and ρ  [3]. A collection 
of subset of X  is locally finite (resp. locally 
countable) [6] with respect to the topology ρ  if 
every Xx ∈  has a ρ −neighborhood meeting 
finitely many (resp. countable many) elements 
of the collection. A collection has the             
σ −property [6] if it is the union of countablly 
many collection with the property. A cover            
(or covering) of a space ( )τ,X [5] is a collection 
of subset of x  whose union is all of x . A 
τ −open cover of x  is a cover consisting of 
τ −open sets, and other adjective applying to 
subset apply similarly to cover. If Π  and Φ  are 
covers of x , we say Φ  refines Π  [5] if each 
number of Φ  is contained in some member of 
Π , then we say  Φ  refines (or refinementof) 
Π . A subset of a topological space ( )τ,X  is an 

σF  with respect to the topology  τ  [5] if it is a 
countable union of τ −closed sets, and written 
by στ F− . 
 
1. para−Lindelöf Bitopological spaces 
 

Defintion (1.1): 
A bitopological space ( )ρτ ,,X  is said to be 

( )ρτ − −compact (resp. Lindelöf) with respect to 
ρ  if every τ −open cover has a finite (resp. 
countable) ρ − open subcover.[1]([2]) 
 

Defintion (1.2): 
A bitopological space ( )ρτ ,,X  is said to be 

( )ρτ − −paracompact with respect to ρ  if every 
τ −open cover has a ρ −open refinement which 
is locally finite with respect to ρ .[4] 

In the following definition, we extend the 
definition of para−Lindelöf topological space 
which was given in [6]. 
 

Defintion (1.3): 
A bitopological space ( )ρτ ,,X  is said to be 

( )ρτ − −para−Lindelöf with respect to ρ  if 
every τ −open cover has a ρ −open refinement 
which is locally countable with respect to ρ . 
 

Proposition (1.4): 
If a bitopological space ( )ρτ ,,X  is 

( )ρτ − −compact with respect to ρ  then it is 
( )ρτ − −Lindelöf with respect to ρ .[2] 

 

Proof: 
This follows from the fact that every finite 

collection is countable. 
 

Proposition (1.5) 
If a bitopological space ( )ρτ ,,X  is 

( )ρτ − −compact with respect to ρ  then it is 
( )ρτ − −paracompact with respect to ρ . 

 

Proof : 
This follows from the fact that every finite 

collection is locally finite. 
 

Proposition (1.6): 
If a bitopological space ( )ρτ ,,X  is 

( )ρτ − −Lindelöf  with respect to ρ  then it is 
( )ρτ − −para−Lindelöf with respect to ρ . 
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Proof: 
This follows from the fact that every 

countable collection is locally countable. 
 

Proposition (1.7): 
If a bitopological space ( )ρτ ,,X  is 

( )ρτ − −paracompact with respect to ρ  then it 
is ( )ρτ − −para−Lindelöf with respect to ρ . 
 
Proof: 

This follows from the fact that every locally 
finite collection is locally countable. 
 
Corollary (1.8): 

If a bitopological space ( )ρτ ,,X  is 
( )ρτ − −compact with respect to ρ  then it is 
( )ρτ − −para−Lindelöf with respect to ρ . 
 
Proof: 

This follows from Proposition (1.4) and 
Proposition (1.6). 
 
Theorem (1.9): 

If ( )ρτ ,,X  is ( )ρτ − −para−Lindelöf with 
respect to ρ , then the τ −closed subspace 
( )YY ,,Y ρτ it is ( )YY ρτ − −para−Lindelöf with 
respect to Yρ . 
 

Proof: 
Let { }ΛλΦ λ ∈= :U  be a Yτ −open cover of 

Y . Since each λU  is a Yτ −open subset of  Y , 
there is a τ −open subset λV  of X  such         
that YVU Iλλ =  for each Λλ ∈ . Let 

{ } { }Y/X:V UΛλΠ λ ∈= . Then Π  is τ −open 
cover of X . By hypothesis Π  has a ρ −open 
refinement { }ΓγΨ γ ∈= :W  which is locally 
countable with respect to ρ . Set 

{ }ΓγΩ γ ∈= :YW I  then Ω  is Yρ −open 
refinement of Φ  which is locally countable with 
respect to the Yρ . 
 
 
 
 

Theorem (1.10): 
Let ( )ρτ ,,X  be a bitopological space, and let 

{ }ρτ I∈=∑ ii X:X  be a partition of X . The 
space ( )ρτ ,,X  is ( )ρτ − −para−Lindelöf  with 
respect to ρ  if and only if the space ( )ii ,,X ρτ  
is ( )ii ρτ − −para−Lindelöf with respect to iρ . 
 

Proof: 
The "only if part", Since U

ji
ji X/XX

≠

=  is 

τ −closed then the subspace ( )ii ,,X ρτ  is 
( )ii ρτ − −para−Lindelöf with respect to iρ  for 
every i  by theorem (1.9). 

The "if part". Let { }ΛλΦ λ ∈= :U  be a 
τ −open cover of X . The collection 

{ }ΛλΠ λ ∈= :XU iI  be a iτ −open cover of 

iX  with cardinality m≤  for every i. By 
hypothesis Π  has a iρ −open refinement 

{ }ΛλΨ
λ

∈= :Wii  which is locally countable 

with respect to iρ . Let 








∈=
∈

ΛλΩ
λ

:W
Ii

iU  

then Ω  is ρ −open refinement of Φ  which is 
locally countable with respect to the ρ . 
 
Theorem (1.11): 

If each τ −open set in a 
( )ρτ − −para−Lindelöf  with respect to ρ  space 
( )ρτ ,,X  is ( )ρτ − −para−Lindelöf  with respect 
to ρ , then every subspace ( )YY ,,Y ρτ  is 
( )YY ρτ − −para−Lindelöf with respect to Yρ . 

 

Proof: 
Let { }ΛλΦ λ ∈= :U  be a Yτ −open cover of 

Y . Since each λU  is a Yτ −open subset of  Y , 
there is a τ −open subset λV  of X  such that 

YVU Iλλ =  for each Λλ ∈ . Then U
Λλ

λ
∈

= WG  is 

a τ −open set. Let { }ΛλΩ λ ∈= :V  be a 
τ −open cover of G . By hypothesis G  is 
( )ρτ − −para−Lindelöf  with respect to ρ , thus 
Ω  has a ρ −open refinement { }ΓγΨ γ ∈= :W  
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which is locally countable with respect to ρ . 
Set  

{ }Γγγ ∈=∑ :YW I . 
Then ∑  is Yρ −open refinement of Φ  which is 
locally countable with respect to the Yρ . 
 
2. Semipara−Lindelöf Bitopological spaces 

Here we will introduce the concept of 
semipara−Lindelöf space and we give some 
properties of this space. 
 
Definition (2.1): 

A bitopological space ( )ρτ ,,X  is said to be 
( )ρτ − −semiparacompact with respect to ρ , if 
each τ −open cover of X  has a ρ −open 
refinement which is σ −locally finite with 
respect to ρ .[4] 
 
Definition (2.2): 

A bitopological space ( )ρτ ,,X  is said to be 
( )ρτ − −semipara−Lindelöf with respect to ρ , if 
each τ −open cover of X  has a ρ −open 
refinement which is σ −locally countable with 
respect to ρ . 
 
Proposition (2.3): 

If a bitopological space ( )ρτ ,,X  is 
( )ρτ − −para−Lindelöf with respect to ρ  then it 
is ( )ρτ − −semipara−Lindelöf with respect to ρ . 

 

Proof: 
This follows from the fact that every locally 

countable collection is σ −locally countable. 
 
Proposition (2.4): 

If a bitopological space ( )ρτ ,,X  is 
( )ρτ − −paracompact with respect to ρ  then it 
is ( )ρτ − −semiparacompact with respect to 
ρ .[1] 

 
Proposition (2.5): 

If a bitopological space ( )ρτ ,,X  is 
( )ρτ − −semiparacompact with respect to ρ  

then it is ( )ρτ − −semipara−Lindelöf with 
respect to ρ . 
 

Proof: 
This follows from the fact that every 

σ −locally finite collection is σ −locally 
countable. 

 
Proposition (2.6): 

If a bitopological space ( )ρτ ,,X  is 
( )ρτ − −paracompact with respect to ρ  then it 
is ( )ρτ − −semipara−Lindelöf with respect to ρ . 
 

Proof: 
This follows from Proposition (2.4) and 

Proposition (2.5). 
 
Theorem (2.7): 

If ( )ρτ ,,X  is ( )ρτ −  − semipara − Lindelöf 
with respect to ρ , then the τ −closed subspace 
( )YY ,,Y ρτ it is ( )YY ρτ − −semipara−Lindelöf 
with respect to Yρ . 
 

Proof: 
Let { }ΛλΦ λ ∈= :U  be a Yτ −open cover of 

Y . Since each λU  is a Yτ −open subset of Y , 
there is a τ −open subset λV  of Y  such that 

YVU Iλλ = . Let { } { }Y/X:V UΛλΠ λ ∈= . 
Then Π  is τ −open cover of X . By hypothesis 
Π  has a ρ −open refinement Ω  which is 
σ −locally countable with respect to ρ , hence 

U
n

nΩΩ =  where each then { }ΓγΩ γ ∈= :Wnn  

is locally countable with respect to the ρ . Set 

U
n

nΨΨ =  where each { }ΓγΨ γ ∈= :YWnn I . 

Then Ψ  is ρ −open refinement of Φ  which is 
σ −locally countable with respect to the ρ . 
 
Theorem (2.8): 

Let ( )ρτ ,,X  be a bitopological space, and 
let { }ρτ I∈=∑ ii X:X  be a partition of X . 
The  space ( )ρτ ,,X  is ( )ρτ −  − semipara − 
Lindelöf with respect to ρ  if and only if the 
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space ( )ii ,,X ρτ  is ( )ii ρτ − −semipara−Lindelöf 
with respect to iρ . 
 

Proof: 
The "only if part", Since U

ji
ji X/XX

≠

=  is 

τ −closed then the subspace ( )ρτ ,,X  is 
( )ρτ − −semipara−Lindelöf with respect to ρ  
for every i  by theorem (2.7). 

The "if part". Let { }ΛλΦ λ ∈= :U  be a 
τ −open cover of X . The collection 

{ }ΛλΠ λ ∈= :XU iI  be a iτ −open cover of 

iX  for every i. By hypothesis Π  has a 

Yρ −open refinement iΨ  which is σ −locally 
countable with respect to iρ . So U

n
ini ΨΨ =  

where each { }ΛλΨ λ ∈= :YWinin I  is locally 
countable with respect to the iρ . Set U

n
nΩΩ =  

where Then Ω  is ρ −open refinement of Φ  
which is σ −locally countable with respect to 
the ρ . 
 
Theorem (2.9): 

If ( )ρτ ,,X  is ( )ρτ − −semipara−Lindelöf 
with respect to ρ , then the τ − σF subspace 
( )YY ,,Y ρτ it is ( )YY ρτ − −semipara−Lindelöf 
with respect to Yρ . 
 

Proof: 
Let { }ΛλΦ λ ∈= :U  be a Yτ −open cover of 

Y . Since each λU  is a Yτ −open cover of Y  then 
there exists a τ −open set λV  of Y  such that 

YVU Iλλ = . For each fixed n  the collection  
{ } { }nn Y/X:V UΛλΠ λ ∈=  

from a τ −open cover of X . By hypothesis nΠ  
has a ρ −open refinement Ω  which is 
σ −locally countable with respect to ρ , hence 

U
n

nΩΩ =  where each { }ΓγΩ γ ∈= :Wnn  is 

locally countable with respect to the ρ . For 
each n , let U

n
nΨΨ =  such that 

{ }ΓγφΨ γγ ∈≠= ,YW:YW nnn II . Then Ψ  is 
ρ −open refinement of Φ  which is σ −locally 
countable with respect to the Yρ . 
 
Theorem (2.10): 

If ( )ρτ ,,X  is ( )ρτ − −para−Lindelöf with 
respect to ρ , then the τ − σF subspace 
( )YY ,,Y ρτ it is ( )YY ρτ − −semipara−Lindelöf 
with respect to Yρ . 
 

Proof: 
Suppose that Y  is τ − σF  set. Then 

U
n

nYY = , where each nY  is  τ −closed. Let 

{ }ΛλΦ λ ∈= :U  be a Yτ −open cover of Y . 
Since each λU  is a Yτ −open cover of Y  then 
there exists a τ −open set λV  of X  such that 

YVU Iλλ =  for each λ . For each fixed n  the 
collection  

{ } { }nn Y/X:V UΛλΠ λ ∈=  
from a τ −open cover of X . By hypothesis nΠ  
has a ρ −open refinement Ω  which is locally 
countable with respect to ρ . Then 

( ){ }Nn,:W
n

×∈= ΛλΩ λ  is locally countable 
with respect to the ρ . For each n , let 

{ }ΓγφΨ γγ ∈≠= ,YW:YW nnn II . Let 

U
n

nΨΨ = . Then Ψ  is Yρ −open refinement of 

Φ  which is σ −locally countable with respect to 
the Yρ . 
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  الخلاصة

                 لاندلوف وشبه- عرفنا في هذا البحث البارا
لاندلوف على الفضاء التبولوجي الثنائي، وأوجدنا -البارا

بعض خصائص هذه المصطلحات والعلاقة التي تربط 
 .بينهما

 


