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Abstract

In this paper we introduce a class of operators on a Hilbert space, we call the elements of this
class totally M*-paranormal operator.We study some basic properties of these operators and we
give some sufficient conditions for a totally M*-paranormal operator to be normal operator.

Introduction

Let H be a separable complex Hilbert space
and B(H) be the Banach algebra of all bounded
linear operators on H . An operator T is called

*-paranormal if ‘TI’ X H2 S‘TI' X H for every unit
vector x in H [3], T is called dominant
operator if for each A ¢ there exists a number
M , > 0 such that H(r —A)'x ‘s M, [T —A)x|
for all xe H. Furthermore, if the constants
M , are bounded By a positive number M,
then T is called M-hyponormal operator [2].

Let o(T),o0,(T),0,,(),p(T) denote the

spectrum, the point spectrum, the approximate
point spectrum of T and the resolvent of T
respectively and let E_ () be the x -space of

Tthatis E; (1) ={x e H: Tx=ux}.

Totally M*-paranormal operator,
definitions and some basic properties .
Definition 1.1 Let TeB(H),we call T a totally
M*-paranormal operator if for each

Leo(T) there exists a number M ,> 0 such
that H(I' —A)'X ‘nglH(T —ﬂ)sz for all x
eH with x| =1.

Example 1.2
1-Let T:H—H ,defined as follows T=4il then

T is totally M*-paranormal operator .
2- Let H = £2(¢) ={x:x=(X1,X2, X3.....X,)
. 2

> x;| <o} define T:H—H as follows

i=l

T(Xl, Xo, X3,...) =(O,x1,0,0, ..... ).|t is easy to
check that T *(Xl, Xo, X3,...):(X2,0, 0,0,...... ) ,
and o( )={0} , if we take x=(0, X, Xs,
Xdyenon. ). such that x,# 0 then Tx=0 and

Y.

T 2x=0 but T " (X1, X2, X3,) =(X2,0,0,0,...) # 0.
Therefore T is not M*-paranormal operator.

Proposition 1.3

Let TeB(H),T is totally M*-paranormal
operator if and only if for each Ae¢, there
exists a number M ,> 0 such that

H(T —A)'x ‘2 < MlH(I' —A)ZXH, for all xeH.
Proof :

Suppose that T is a totally M*-paranormal
operator and let Ae p(T) then T-Al is
invertible therefore

[ =2 x| <o -aIx|f <

o -2l =27 la -]

Let MAZH(I' -A) 2H(I’ —A)‘ZH, then T is a

totally M*-paranormal operator.
The other direction is clear.

Proposition 1.4
Let TeB(H), T a totally M*-paranormal
operator if and only if

M 2T =2)2(T —A)2 -2k (T —A)(T -A)" +k?>0
for each k> 0.

Proof :

We know that for each positive b,and c,,

c,—2b,k +k*>0 for all k >0 if and only if
« |12

b, =H(T -A) xH and

b?<c,. Let

¢, =MZ|@ —2x[ x| =1. Then T is a
totally M*-paranormal operator if and only if
b?<c, this means that T is a totally
M*-paranormal operator if and only if

M 2| 2% —2k | -2 x| +k* 0.




Proposition 1.5

Let T be a totally M*-paranormal operator,
then: 1-T-A1 and AT are totally
M*- paranormal operators.

2- if T is invertible operator then T ' is
totally M*-paranormal operator

Proof :(1)

[T 2 - Tx[ = ~(2+an 1]

<M, [T =(A+a)1 x| <M [T —2) -aT x|

If A= 0, then AT is totally M*-paranormal
operator .
Suppose that A0 then

[ear —miyx [ = |2 |r —v 1) T
<M A - (M 1)1 Px | <

M, [[(T —=MIY’x| Hence AT is totally M*-
paranormal operator.

(2) if 2=0 then ‘ﬁ “x

I F el i =] e
Mo=[r ]

let 10 then H(T X

‘2

2
<

2

|7 @ x| I =

Ua

My, 4]

- <
e -aranx|
T el -2y take

M= [ i

Hence T ' is totally M*- paranormal operator.
By using definition it is easy to prove the
following Proposition

S'vlll/l

Proposition 1.6
Let T a totally M*-paranormal operator
then :

1-Ex(A)E, . (4) for all Le¢, in fact if x is an
eigenvector for T with eigenvalue A then x

is an eigenvector for T* with eigenvalue 2.
2- For a fixed scalar A, E(A) reduces T
3-Er(A) L E. (w) whenever A #u .
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For any operator TeB(H), set
Re(T)=(1/2)[T +T "], and

ImT=(L/2i)[T =T *], [1.p148].

we

Proposition 1.7

Let T a totally M*-paranormal operator
then :
1-if o(T )N R#p then Oe o, (IMT ).
2-if T )N iR#p then Oeo, (IMT).
3-Reo(T ) c o, (ReT).
4-Imo(T) c o, (ImT).

Proof :
1-Since o (T ) n R #¢ then there exists a real

number r such that r € o(T).Thus the line
L={ze¢ | Imz=Imr=0} intersect o(T ) at a
boundary point c. Therefore ce o, (T).Then
there exist a sequence of unit vectors {x .} in
H. Such that (T-cl)x, — 0 and

(T —cl)?x, — 0 then (T —cl)'x, — 0 when
n— oo. Thus (IMT - Imcl)x, =

(A2)[(T =T ")-(c—c)I] x,— 0.

Hence Imce o, (ImT ) .Thus O e o, (ImT)

By the same way we can prove (2),(3), and (4).
It easy to prove the following theorem.

Theorem 1.8
1-Let (T-A 1) be a *-paranormal for each
A € o) then T is a totally

M*-paranormal operator.

2-Let T be a dominant operator and (T-Al) is
an idempotent operator for each
A € o(T)then T is totally M*-paranormal

operator.

Corollaryl.9

Every M-hyponormal operator in particular,
every hyponormal operator , normal operator ,
selfadjoint operator and (T-Al) is idempotent
operator for each A € o(T )then T is totally
M*-paranormal operator.
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M*-paranormal and normal
operators

The following theorems give conditions
under which a totally M*-paranormal operator

IS normal operator.

Theorem 2.1

If T is a totally M*-paranormal operator
then T can be expressed uniquely as the direct
sum T = T, @T, defined on the space
H=H;® H, with the following properties:
1- H; is the closure of the space spanned by

the eigenvectors of T

2- Ty is normal

3-0p(T)= ¢
4-T is normal if and only if T is normal

operator

Proof:
1. Let Hy = ) ®E(4). Since H; is a

Aecy(T)
closed linear subspace, then H= H;® H, where
Hy =H; Let Ty =Tlwand T, =T, then
T=T; ® T, uniquely

2-Let H, =E; (j'l)@ET (ﬂ'z)@)ET (AS)G_)
andx € H;. Thenx= X, +X, +X

A 22 2

for any X ;i € Er (Mi) , i. e, x
Aeo (Ty)
for each i, and Z|X|i. <0
Tlﬁ-l|: Z X4:|=T1*|: Z Tlxai:|=
Aea(ly) A <oy (Ty)
ﬂiTl*Xll+ﬂ2T2*xﬂQ+/13T3*xﬂ3+...
2 2 2
=| 4" %, +| A X, +|A[ X, +.... and
T X =TT, *(X, +X, +X, +.)
=4 TX, +4, TX, +4, TX, +....

:wzxﬂ1 +\22\2 X, +Ms\2 X, Hoen
Hence T, is normal .

3- Suppose that o,(T2)= ¢ and let Meo,(T2)

Then there exists x 0 € H, such that (T-M)x=0
Since T(0+x)=Tx=Mx=M( +x), hence x in
Hi.

This is contradiction toH, =H," and x=0 ,

therefore o,(T2)= ¢
4- Since
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T =

T, 0 R
and T = _|eB(H,,H,)
0 T, 0 T

) TT, 0 T o0
ThenTT = ~land 1T = )
0o TT, 0 TT

2 2

Thus T *T =TT * ifand only if T,T,=T7T, .

Theorem 2.2

Let TeB(H)be a totally M*-paranormal
operator .Ifthe eigenspaces E+(1) of T Form a
total family , then Tisnormal operator .

Proof :
Let Ho be the null space of TT*-T*T, the
problem is to show that Ho=H or equivalently

Hy = {6}, claim E_ (u) cHo forall 4. Let x
€ Er (u), thus T™* x € E_ (u) Therefore
TT*X =pu  (T*X)=T*(ux)=T*Tx Thus
(TT*-T*T)x=0 and x € H,.

It follows that if x LHo, then xL E_ () forall
M .But the eigenspaces form total family. Hence
x=0 then (TT*-T*T)x=0 V x € H .Thus
T*T=TT*and T is normal operator
Collarary 2.3

Let T - X | be a *-paranormal for each
A € o(T). If the eigenspaces Et(A)of T from
a total family then T is normal operator.
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