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Abstract

The aim of this work is to present numerical methods for solving the first order linear
Fredholm-Volterra integro-differential equations of the second kind. These methods namely are the
repeated Trapezoidal method and the repeated Simpson's 1/3 method. These techniques transform
the integro-differential equations to a system of algebraic equations. Some numerical examples are
presented to illustrate the efficiency and accuracy of these methods.

1-Introduction

Mathematical modeling of real-life
problems usually results in functional
equations, like ordinary or partial differential
equations, integral and integro-differential
equations,  stochastic  equations .Many
mathematical ~ formulation  of  physical
phenomena  contain integro-differential
equations, these equations arises in many
fields like fluid dynamics, biological models
and chemical kinetics.[1], [2].

There are several solution methods
including quadrature, collocation, Galerkin,
variational, for integro-differential equations
have been studied in [3-8].

In this paper, use the repeated Trapezoidal
quadrature formula and repeated Simpson's 1/3
quadrature formula to solve the first order
linear Fredholm -Volterra integro-differential
equations of the second kind

b
U'(x) = 9(x) + 2 L, y)u(y)dy +

X
M j KX, Y)UY)AY e (1.1)
a
with the initial condition u(a)=uy .
wherea<x<b, A and pn are scalar

parameters, g(x), L(X, y) and K(X, y), are given
continuous  functions,ug,a,b are  known

constants and u(x) is the unknown function to
be determined.
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2-The Repeated Trapezoidal Method
Consider the first order linear Fredholm-
Volterra integro-differential equation of
second kind given by equation (1.1). To solve
this equation on the finite interval [a, b], we
divide it into n smaller intervals of width h,
where h=(b—a)/n. The i-th point of subdivision
is denoted by x;, such that x, =a+ih, i =0,

U (X) —Uj_1(X)
h

l,...n. If we take ui_4(X)=

1=1,2,...,n.
Then, the approximated solution will be
defined at the mesh point X; is denoted by u;

and is given by.
b

Uj =Ujq+h {g(xil) + %J. L(Xi_g, Y)u(y)dy +
a

Xi-1

u | K(xil,y)u(y)dy}, i=1,2,...n
a

with the initial condition u(a)=uy,

If we approximate the integrals that
appeared in equation (2.1) by the repeated
Trapezoid formula which will vyield the
following system of equations:

xhz n-1
Uy = Ug + o + | Lolo +2) Lo juj+ Lonln
1



h2
Uy =uj_s +hg; 5 + 7[(”4-1,0 + HKi—l,o)Uo+

i2
2Z:(M-i—l,j +”Ki—1,j)uj +(2M-i—1,i—1 +
j=1

n-1
pKi 1) [ 1+27”ZL| -1,j4j +ALiqn n}
j=i
i=23...,n-1
h2
Uy = un—1+hgn—1+7 (M-n—l,o +HKn—1,O)u0+

n-2
2> (Mg j+uKngj)uj+2(Alygpq +
=
HKn—l,n—l)un—l+7\'Ln—1,nunJ ---------- (2.2)
where:

Ki;= K(xi,xj),i,j:O,l,...,i,
L = L(x;,x,),i,k=0,1...,n,
=0(x,),i=0,1,...,n

By solving the system given by equation
(2.2) which consists of n equations and n
unknowns, the approximated solution of
equation (1.1), is obtained.

3-The Repeated Simpson’s 1/3 Method
Consider the first order linear Fredholm-

Volterra integro-differential equation of
second kind given by equation (1.1). Here we
use Simpson’s 1/3 method to find the solution
of equation (1.1).To do this, we divide the
finite interval [a, b] into 2n smaller intervals of
width h, where h = (b — a)/2n, and we take.

Ul (X) zw ,i=1,2, ....2n.

The approximated solution at the odd nods
Xoi41 1S given by:

b
U(Xgi41) =U(Xp) +h {Q(XZi) + 7»J‘ L(Xi, Y)u(y)dy +

u I K(xzi,y)u(y)dy}, i=0,1,...,n-1
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and in the even nods X, is given by:

U(Xz;) = U(Xp_1) +h {g(xzi—l) +

X2i-1

b
KJ.L(XZi—liy)u(y)"'“ J. K(X2i11Y)U(Y)dY}

i=12,...,n
with the initial condition u(a)=ug,

By using the repeated Simpson’s 1/3

formula to approximate the integrals that

appeared in equations (3.1) - (3.2) one can get
the following system of equations:

Ah? L
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1
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i-1
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=

n n-1
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=
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A

5
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3
(4M—2i—1,2i—1 + EHKZi—l,Zi—lj Ugj_g +
n-1

47LZ Loi_12j-2U2; 1+27*Z|—2| —1,2jU2j +
j=i+l j=i

}\’LZi—l,ZnUan’ i=0,1,...,n-2
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Table (1)
The absolute errors at some mesh points of
example 1 obtained by using the repeated
Trapezoidal method.

Upy =Uppy + thn—l +
h2
?((M-Zn—l,o +HKzn—l,o)Uo +

n-2
42 (M—Zn—l,Zj—l + MKzn—l,zj—l) Upj1+

Fos| o1 | noom | oo |

i1
n-1

ZZ(M—zn—sz +“K2n—ly2i)u21 +
i1

(47‘~|—2n—1,2n—1 + HKzn—l,zn—l) Upna +
7N ISP VP B (3.3)

By solving this system which consists of n
equations and n unknowns, the approximated
solution of equation (1.1) is obtained.

4-Numerical Examples

In this section, we give two numerical
examples to illustrate the repeated Trapezoid
method and the repeated Simpson’s 1/3
method. The computations associated with the
example were performed using Matlab 7.

Example 1
Consider the first order linear Fredholm-

Volterra integro-differential of the second
kind:

X 1
W) =F0) | [xPyu(y)dy+ [x(x=y)u(y)dy
0 0

with the initial condition u(0)=1, 0<x <I,
where

f(x)z—sinx—xzcosx—x3

sinx+x2 —
x2sin(1) + x cos(1) + x sin(1) — x
and the exact solution is u(x) = cos(x).

Table (1) and (2) show that the absolute
errors at some mesh points obtained by using
the repeated Trapezoid method and the
repeated Simpson’s 1/3 method respectively
for h =0.1, 0.025, 0.01. Therefore, Table (1)
and (2) show that the repeated Simpson’s 1/3
method gave accurate results than the repeated
Trapezoid method. Fig.(1) and (2) : Plot the
exact and numerical solutions for example 1
by using repeat Trapezoidal method and
Simpson's method respectively.
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Table (2)
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The absolute errors at some mesh points of
example 1 obtained by using the repeated
Simpson’s 1/3method.
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Fig. (1): The numerical and exact solutions
for example 1 by using repeated Trapezoidal
method.
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Fig.(2): The numerical and exact solutions
for example 1 by using the repeated
Simpson’s 1/3method.

Example 2
Consider the first order linear Fredholm-

Volterra integro-differential of the second
kind:

u(x) __2ex 2y e 4e 2y
3 3

X 2
[x=y)umdy + [ oy +y)udy, 0<x<2
0 0

with the initial condition u(0)=1/3, for which

L 1 _
the exact solution is: u(x):ge X,

Tables (3) and (4) show that the absolute
errors at some mesh points obtained by using
the repeated trapezoid method and the repeated

Simpson’s 1/3 method respectively for h =0.2,
0.05, 0.025. Therefore, Table (3) and (4) show
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that the repeated Simpson’s 1/3 method gave
accurate results than the repeated Trapezoid
method.

Fig. (3) and (4): Plot the exact and
numerical solutions for example 2 by using the
repeated Trapezoidal method and the repeated
Simpson's formula respectively.
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Table (3)
The absolute errors at some mesh points of
example 2 obtained by using the repeated
Trapezoidal method.
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Table (4)
The absolute errors at some mesh points of
example 2 obtained by using the repeated

Simpson’s 1/3method.

2.18054 x10°

Fors |0z | oo | moon |

4.46978x10°

7.88346x10™

3.08586x10™

5.45059x10°

1.14498x10°

4.51834x10™

6.15298x10°°

1.14961x107

4.55127x10™

3.69175x10°

8.61163x10™

3.39781x10™

2.55684x10°

3.27431x10™

1.23315x10™

1.54949x107

4.15047x10™

1.80783x10™

3.87938x10°

1.34119x10°

5.63296x10™

8.93698x10°

2.43763x10°°

1.01952x107

1.22055x1072

3.70316x10°

1.54953x107

142

1.50389x107

5.11028x10°

2.15621x10°



Journal of Al-Nahrain University

0.35

Exact

numerical ||

0.3F

0.25r
0.2r
»

0.15r

Il Il Il
0 0.5 1 15 2

Fig.(2): The numerical and exact solutions
for example 2 by using repeated Trapezoidal
method.
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Fig. (4): The numerical and exact solutions

for example 2 by using repeated Simpson’s
1/3method.

5-Conclusions and Recommendations

The integro-differential equations are
usually difficult to solve analytically so it is
required to obtain an efficient approximated
method. For this reason, the presented methods
have been proposed for approximated
solutions to the first order linear Fredholm-
Volterra integro-differential equations of the
second kind. From numerical examples it can
be seen that the proposed numerical methods
are efficient and accurate to estimate the
solution of these equations, Also, we show that
when the values of h decreases, the absolute
errors decrease to smaller values. We will
use these methods to study systems of
linear Fredholm—Volterra integro—differential
equations of the second kinds in our future
work.
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