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Abstract

The optimum design of electrostatic quadrupole lens of cylindrical concave electrodes is
computed with the aid of transfer matrices method, where the axial field distribution and the optical
properties are determined.

The trajectory equation of motion in Cartesian coordinates is solved and the path of charged -
particles beam traversing the axial field is determined. Then the beam trajectory along the lens axis
is used to calculate the optical properties of the lens.

The optimization cal cul ations are made to find the optimum optical properties and the design of
an electrode shape of lens. The calculation procedure include determination both of electrode shape
parameter and excitation, then the aberration parameters in both horizontal and vertical planes
along the optical axis are computed.

Both spherical and chromatic aberration coefficients are reduced via changing the geometrical
shapes of electrodes by taking the different gap angles of electrode into account. The results show
that the choice of the limited value of the gap angle gives us the optimum optical properties and the
best values of the aberration coefficients.

Introduction Yy, z

One of the simplest quadrupole lenses F i ™
with cylindrical concave electrodes consist of /
four identical parts are symmetrical cut out
from the cylinder .The remaining four parts i / S 2 i
represent the form a concave cylindrical it S x
quadrupole lens. \

The field distribution in electrostatic
guadrupole lens depends on a large number of
parameters : electrode voltage ratios, aperture A
size, electrode thicknesses and spacing = |
between them, as well as the radia and K1
longitudinal dimensions of the electrode. The Fig.(1) : Quadrupole lensof cylindrical
particular electrode configuration may result in concave electrodes[2].
asinglevalue of K [1].

An idea quadrupole field is accurately The coefficient of the quadrupole field
realized by hyperbolic electrodes. However, component K for cylindrical concave

this may be approximated by cylindrical electrodes is described as [3] and [4]:

concave electrodes with a proper electrode _ .

angle consisting of four concave cylindrical K= (4/p) SIN(2C) ceoveeiieeeieeeeieenns 2
electrodes and as is shown in Fig. (1). In this
figure y and T" are half of the electrode angle
and half of the gap angle respectively. In the
concave cylindrical electrodes the length L is
the “effective length” which has been found
experimentally to be given by [2] :

Quadrupole  Field Distribution in
Cylindrical Concave Electrodes

The potential distribution of a quadrupole
lens with cylindrical electrodes is calculated
by solution of Laplace equation in three
dimensions. The results show that the
L - I + 0.451a ................................. (1) modlfled be”_maped IS a Very CIO%d
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approximation to the potential function for the
relatively long quadrupole lens ¢ >> a . The
solution of Laplaces equation in cylindrical
coordinatesis V(r,q,z) isexpressed as[3]:
V(r,0,2)=D(2) V, (r/a)* cos(2q) .....(3)
where
D(2) =K f(2) coverrerriiiienei e 4

where V, isthe potential of the electrode, and
the form of the f (z) functionis normalized to

unity (at the center Z = 0).

The potential distribution for electrostatic
guadrupole lens of cylindrical concave
electrodes depends on many parameters, such
as aperture radius a which is equal to electrode
radius R (a=3mm in the present
calculations), geometrical length
I (1 =10 mm in the present calculations ),
effective length L is given in equation (1),
and electrode gap between the electrodes 2C
(seeFig. (2)).

Fig.(2) shows the axia potential
distribution ratio (V(r,q,z)/V,) which is
computed by using equation (3). From the
figure the shape of the axial potentia
distribution is a very closed to the modified
bell-shaped. This result agrees with the results
mentioned in various references, [2], [3], and

[5].
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Fig.(2) : The potential distribution ratio of
electrostatic quadrupole lens of cylindrical
concave electrodes.

The Trajectory of Electron Beam

The trajectory equations in Cartesian
coordinates for the charged—particles beam
traversing the field of a quadrupole lens are
given by [6]:
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X + 0% F(2DX=0 oo, (5)
Y - BZ (@Y =0 e, (6)
where [32 is the lens excitation and is given by:
b? =V, K/a® Vg oo, 7)

where V, is the electrode voltage, V,

acceleration voltage, X and y  are the

second derivatives with respect to z, and K isa
coefficient ~ accounting for the shape of
electrodes. [7] and [8].

The general solution of the second—order
linear homogeneous differential equations (5)
and (6) can always be written in the following
matrix form, respectively.

ax(2) 0 a,(2) 0

D= T Ie G)
éx' Do gx W(Dg
&y(2) 0 &0(2) 6
=TS )

<+ = Ty =
§y' @3 §y'o @p

where x, and y, are the initial displacements
from the optical axisinthe x—z and y-z plane
respectively, and x, and y, are the initia
gradients of the beam in the corresponding
planes. And the parameters T, and T, are the
transfer matrices in the convergence plane and

the divergence plane, respectively which are
given by [1] and [9]:



Journal of Al-Nahrain University Vol.12 (3), September, 2009, pp.86-93 Science
® dcos (W, y) dsin(W,y) 6
8 sin(y) sin(y) _
gdWxsin(y)sin(ny)+dCOS(y)COS(ny) deos(y)sin(W,y) - dWxsin(y)COS(ny)%
é sin’(y)[1+(z- 2, /d)’]d sn’(y) [1+ (z- z./d)’]d o
......................................................... (20)
& d cos(W,y) dsin(W,y) 0
¢ — i b 2
G sin(y) sin(y) *
Ty :g -
(; -
¢dWysin(y) sin(W,y) +d cos(y ) cos(Wyy) d cos(y)sin(W,y)- dW, sin(y)cos(W,y)~
g sin’(y)[1+(z- z. /d)’]d sin*(y)[1+(z- z./d)’]d 5
......................................................... (11)
where: 10014
W, =1- b?* d* (convergence plane) 1002
.............................. (12 Loot
W, =1+ b? d? (divergence plane) g
.............................. (13) »
and 1.0004
(z-2,) 1 d=COt(Y) woervrrerrrrerirerae. (14) o
Figs. (3) and (4) show the trgjectory of 05008

charged particles beam through quadrupole
lens of cylindrical concave electrodes lying in
both converging plane and diverging plan,
respectively. It should be made clear that a
guadrupole lens can defocus the beam in its
convergence plane after crossing the optical
axis but it can never be afocusing devicein its
divergence plane since the beam is deflected
away from the optical axis.

The trajectories are plotted for the
following initial conditions:

X,=1and x,=0;y,=1 andy, =0.
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Fig. (3) : Trajectory of charge particles beam
in the electrostatic quadrupole lens of
cylindrical concave electrodes for

convergence plane.
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Fig. (4): Trajectory of charge particles beam
in the electrostatic quadrupole lens of
cylindrical concave electrodes for divergence
plane.

Spherical Aberration of a Quadrupole Lens

In a quadrupole lens, the spherical
aberration in the Gaussian image plane can be
expressed as [10]:

Dx(Z) =(Cya’+Cpha g%) e (15)

Dy (Z) = (Dya’g + Dy 9%) ceveeeenee (16)
where o and y are the image side semi—
aperture angles in the x-z and y—z plane
respectively, The coefficients C characterize
the aberration in the convergence plane, and D
in the divergence plane The coefficient Czy
determines the aberration of the real width
image in the plane 'y = 0, while Doz determines
the aberration of the imaginary image in the
plane of x = 0. And the value of vy,
corresponds to the position of the object and
y , tothat of theimage [11].

The spherical aberration coefficients C
and D are determined from the relations given

in[7]:
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X X
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X

Ci L [(1- cos (2p X)) sin(2y ) +w, (1- cos(2y )
d d 8w} sin*(y,) W, ! Y !
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The spherical aberration coefficients
C,/d and C,, /d in convergence plane and
Dy,/d and D, /d in divergence plane
are determined and the results are shown in
Figs. (5) to (8) as a function of the gap angle
2. From Fig. (5) the coefficient C,,/d is
always negative and it has a minimum value
C,, /d=-1303 at 2G=45.55". Furthermore,
the coefficients C,/d, D, /d, and D,, /d
may be either positive or negative due to the
non-rotationally symmetric field of quadrupole
lenses. As the gap angle 2I" increases, the
aberration coefficients C,,/d, Dy /d and
D,, / ddecrease as shown clear in Figs. (6) to
(8). However, when the gap angle 2G= 45.55’
the coefficient D, /d approaches to the

maximum value at 0.123. The lowest absolute
values of spherical aberration coefficients
C,/d and D,/d are accrue at range

455 £ 2GE 46.00° and the value of D, /d
approaches to zero a8 2G=46.15". The

relative spherical aberration coefficients
C,/d and D, /d are numerically greater

than that of the coefficients C,,/d and
Dy /d.
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Fig.(5): Therelative spherical aberration
coefficient Cog/d of electrostatic quadrupole
lens of cylindrical concave electrodes as a
function of gap angle 2I" .
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Fig.(6): The relative spherical aberration
coefficient C1o/d of electrostatic quadrupole
lens of cylindrical concave electrodes as a
function of gape angle 2I" in degree.
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Fig.(7): The relative spherical aberration
coefficient Dog/d of electrostatic quadrupole
lens of cylindrical concave electrodes as a
function of gap angle 2I" .
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Fig.(8): Therelative spherical aberration
coefficient D,1/d of electrostatic quadrupole
lens of cylindrical concave electrodes asa
function of gap angle 2I".



Chromatic Aberration
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The coefficients of chromatic aberration are given by [6]:

2 2 :
chz_n-l. b“d 2[(Sm(2pWX)-2p)(mi+1)+4mx
d 8 sn( pw,) w o,
sin(pw
(%— PCOS(PW, )] oo (21)
C, _n-1 b?d? sn( 2pw ) 2
= -2 1 4
d 8 sin(pwy)z[( w P)(my + 1)+ 4m,
sin(pw,)
(————L5- PCOS(PW, )] vorvecirririeiic e (22)
-1b%d*f, _ sin(2pw sn(pw
Cpp = LA E L (SHEI)  ppym 42 (SHEY) oot pw, )
w,d W y
.................................................. (23)
n-1b%d*, sn(2pw,) sn(pw,)
Coy =5 w§dy y > -2p)my+2(w—yy-p008(pwy))]
........................................................ (29
where u is the object distance, M is the magnification and is given by:
M o= L (25)
dW, sin(y )sSin(W, y ) +dcos(y ) cos(W,y)  dcos(W,y)
sin®(y)[1+(z- z, /d)*]d sin(y)
L (26)

M, = dWysin(y ) sin(Wyy ) +d cos(y ) cos(Wyy ) U+ d cos(Wyy )

sin®*(y)[1+(z- z, /d)*]d

The Figs. (9) to (12) show the effect of
variation of the gap angle 2I' on chromatic

aberration coefficients C_,/d and C,, in
convergence plane, and C, /dand C  in
divergence plane. From Fig.(9), the coefficient
C, /d is aways negative and it's absolute
value increases with increasing of 2I'. The
lowest absolute value of C_ /d is accrue
a wide range 45.5° £2G£46.00°. From
Fig.(10) the coefficient C_ /d is aways
positive and increases with increasing of 2I'.
The lowest value of C_ /d is accrue at
wide range 45.5° £ 2G£46.00°. The value of
Cn/dand C  /d isawayspositive and the
behavior of C_ /d isexactly opposite that of
C,/d. At 2G=4555, the vaue of

sin(y)

C./d is maximum and equal to 0.813
whereas C, /d isminimum at 0.757.
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Fig.(9) : Therelative chromatic aberration
coefficient C, /d of electrostatic quadrupole

lens of cylindrical concave electrodes as a
function of gap angle 2r.
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Fig.(10) : The relative chromatic aberration
coefficient C,,/d of electrostatic quadrupole

lens of cylindrical concave electrodes as a
function of gap angle 2r..
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Fig.(11): Therelative chromatic aberration
coefficient c  /d of electrostatic

guadrupole lens of cylindrical concave
electrodes as a function of gap angle 2r".
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Fig.(12) : Therelative chromatic aberration
coefficient c_ /d of electrostatic quadrupole

lens of cylindrical concave electrodes as a
function of gap angle 2r..
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Conclusions
The quadrupole lens system has many

variable  geometrical and  operational

parameters; thus conclusive result is rather
difficult. However, from the present
investigation one may conclude the following:

(@ For cylindrical concave electrostatic
guadrupole lens, the modified bell-shaped
model gives good optical properties.

(b) The results of the calculations of the
chromatic aberration coefficients show that
the behavior of this coefficients in
divergence plane is inverse to that at the
convergence plane, therefore one can
reduced only of them at the same time.
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