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Abstract

The aim of this paper is to consider and study the concept of D-distance on a complete D-semi
metric spaces and the fixed point theorem has been established on the D — semi metric spaces.
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1. Introduction

Recently, Dhage [3] introduced the
concept of D-metric. Afterwards, many
authors Fred Galvin and S.D. Shore [4],
N.S.Rao [5] and B.E.Rhoades [6] proved some
fixed point theorems in D-metric spaces. Fred
Gavin and S.D. Shore [4] introduced the
completeness of semi metric space and Oleg
Zubelevich [8] has been proved the fixed point
theorem in semi metric space by using
Schauder' s fixed point theorem. In the present
paper, we use an abstract notion of semi metric
spaces which extends the notion of distance,
and define a D-distance on a complete D-semi
metric space, then by using the D-distance; we
prove a fixed point theorem, which is the main
result of this paper.

2. Preliminaries

We state the definitions of D-semi metric,
D-distance which are necessary for the present
work.

Definition 2.1 [1]

Let X is a non-empty set. A function
D:X" X" X®[0,¥) is cdled a D-semi
metric if the following conditions are satisfied:
1. D(x,y,2)2 0, " x,y,z1 X and

D(x,x,x) =0.

2. D(x,y,2) = D(p{x,y,2}),
permutation of X,V,Z.
3.D(x,y,2) £D(x,y,8) +D(x,a,2) +D(a,y,2)

" xy,zal X.

wherep is a

Definition 2.2 [2]
A sequence {x,} in X is cdled a
D-Cauchy sequence if for each e> 0O there
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exists a positive integer N, such that, for all
m>n,p3ny, D(xm,xn,xp) <eg.

Definition 2.3 [2]

A sequence{x,} in X is sad to be
D-convergent to a point xI X if for each e> 0
there exists a positive integer n, such that, for

al mn3n,, D(X,,X,,X) <e.

Definition 2.4 [7]
The function f:MT X® (-¥,¥] iscaled

lower semi-continuous iff for all T R the set
{xI M:f(x)£r} isrelatively closed in M.

Definition 2.5 [8]
Let X is a semi metric space with semi
metric D .Then a function
D:X" X" X® [0,¥) is caled a D-distance
on X if the following conditions are satisfied:
LAKXY,2EAX Y, 8 +AX,8,2)+A(aY,2) ,
' x,y,zal X.

2. For any x,yI X,A(x,y,):X®[0,¥) isa
lower semi-continuous.

3. for any e> O there existsd(e) > 0 such that
Al X,y)ES , Al x,2)£0 and
A(ay,2)£5 imply D(X,y,2) £ ¢.

Definition 2.6 [8]

Let X be a non-empty set, then X is said to
be D-bounded if there is a constant M > 0 such
that A(x,y,2)EM, " x,y,zl X.

Definition 2.7 [5]

Let X be a semi-metric space with semi-
metric D, then a sef maps T of X is said to
have afixed point yif Ty=y.



3. Themain results

It should be notice that the fixed point
theorem on a complete D- semi metric has
been developed by using lemma 3.1 and
theorem 3.2.

Lemma 3.1

Let X isa semi metric space with the semi
metric D and let D be a D-distance on X.
Let{x,}.{y,} be sequences in X and let
{a.} {B.} {v.} Dbe sequences in  [0,¥)
converging  to zero and assume
that x,y,z,al X.Then:

LIfAKX,.a,,Y,) £a,
A(X,.a,,2) £B, andA(X,,y,.2) £y, , for
anynl N, thenD(a_,y,,2) ® 0.

2.1f A(Xp X, X,) Ea, , for any p, m, nl N
withm<n<p, then {x,} isa D - Cauchy
sequence.

Proof:

(1) Let e 0 be given. From the definition of
D -distance, there exists d > 0 such that
A, u,v) £6,A(@u,2) £6 and
A(aVv,z) £, implyD(u,v,z)£e. Choose
ni N such that A(a u, V)ES

A(a,u,z)£56, and A(a,v,z)E£d imply
D(u,v,z)Ee. Choose nl N such that
a,£6,,£6 and vy, £6 for evey
n3n,.Then for any n3 n, we have
AXy,a,,Y,) Ea, £6, AKx,,a,,2 £, £d ,
AKX, Y,,2)Ey, £O and hence
D(a,.y,.2) £¢. If we replace{a,} with
{y.} .then {y } convergesto z.

(2) Let >0 be given. As in the poofof (1),
choosed >0 and then n,I N .Then , for

any p>n>m>n, A(X Xny X)) £ o, £9,

A(Xpg + Xn s xp)EBnOES,

A(Xpy s Xims X, ) E v 8 and hence
D(X,,X,,X,) £¢ . This implies that {x}
isaD — Cauchy sequence.

Theorem 3.2
Lee X be a D-bounded complete
semimetric space with semi metric D, and D
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isa D-distance on X. Then aself map T from
X into itself has aunique fixed point if :
() D(TX,T*x,Tw) £ r D(x,Tx,w);

foral x,wl Xandrl (0,1).

2 B(x,y,z)>0,fordl x, ,yadzl
X.
Proof:

By using condition (2), we get:
inf{A(x,Tx,y)+A(x,Tx,T2x)
+A(X,T?x,y) ;x1 X}>O;

Foradlyl XwithTy ! y.Letul X and
define a sequence {u,} in X, by u,=T"u ;
Foral ni N .Thenforalt nl N we
haveA(u,,u,,; U, ) ErA(u, ,,u, U, ;)
£..£r"A(u,u;,u,). Thus, for any
p>m>nforwhichm=n+kandp=m+t;
t,kl N .wehave

A(U m! p)_A(un!umk’ n+k+t)
£D(un’ n+k? n+1)+D(un ’un+1’ n+k+t)
+D(un+1’ un+k ! un+k+t) £ D(un ’un+1’ un+k)
+D(un ' un+1 ’ un+k+t) + D(un+l’ un+k ' un+k+t)

£ r.n + rn +D(un+l’un+k’un+k+t)

By repeated application of tetrahedral
inequality we obtain

D(Un, m,U )£D(Un, n+l? n+k)+D(un’un+1’ n+k+t)
+D(un+1l n+21 n+k)+D(un+1' n+21 n+k+t)+"'
£2(r"+r™ 42+ )M

n

£ oM
1-r

By part (2) of lemma 3.1, {u,} isaD -
Cauchy sequence. Since X is complete, {u,}
converges to apoint z |1 X. Let ni A be
fixed. Then by lower semi-continuity of D ,
we have

A(u,,u,,Z)£ liminf A(u,,u,,u,)

p® ¥

®0asn® ¥ .

£2|\/|1r__nr Assume that z * Tz .Then we
have:

O<inf{A(x T z)+A(x,Tx,T2x)+A(x,sz,z)}
£inf {A(U,,U,.,2)+A(U,,Upyy, Upsy)

+A(u z) :nl N}

n? n+21
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| rn SN || Aadal)
£inf{2M +r"M +2M ‘nl Ny=0
T 1-r 1-r f) b D =ikl A3 Al sa Ganl 138 e Cangd
Thi§ris a contradiction. Therefore, we have A jae Al 3 &8 ey AL D — 4y jie 408l e Liadll
z=Tz
Now if x and y are two fixed points such that D - 3 e 4l cleliadl) A saolal) Al
x 1y, then

D(X,y,y)=D(Tx, Ty, Ty)£ rD(x,y,Y)
£rD(Tx, Ty, Ty)

£r°D(x,y,Y) £...£r" D(X,y,Y)
Thisis not possiblesincer < 1.
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