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Abstract

In this paper the technique of convergence for modified Mann and | shikawa schemes are used to
proving many results about the existence of fixed points, common fixed points and coincidence

points.

Ll.Introduction

Let X denotes a Banach space, T a self-
mapping of X. The Mann iterative scheme,
[4], is defined by

XOT C’ X :(1_ an)xn +anTXn7
where Of£¢,£1.and n>0 To guarantee
convergence of the sequence {x,} in (1.1),

other conditions are placed on ¢, .
The Ishikawa iteration scheme is defined
by
Xol C.y, =@ B)X, +B,TX,,
Xy =@ o)X, o TX,,
where Of£«,,B,£1,n>0 with additional

condition placed onea,and 3, as needed. In
defining this method, Ishikawa, [6] used the
inequality O£, £ 8, £1. As noted in, [1],
replacing this inequality with O£ ¢, B, £1.

Moreover, it alows one to immediately
obtain a theorem for Mann iteration from the
corresponding one for Ishikawa iteration by
simply setting each 8, =0, [3].

As noted in, [7], J. Schu introduced the
following iterative sequences:

Let X be anormed space, C be a nonempty
convex subset of X and T:C® C be a given
mapping. Then the maodified Mann iterative
sequence {x,, } is defined by

x,1C,x,,,=@- o)X, +oT "X,
Where n 3 1 and {e,} is appropriate sequence
in[O, 1].

The modified Ishikawa iterative sequence
{x,} is defined by
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x,1C,y =@ B,)x,+BT"x,,

Xom =L- o)X, +a,T"y,,
where x,1 C, n3 1 and {e,} {B,} are
appreciates sequence in [0,1].

Schu's work was to establish weak and
strong convergence theorems of the modified
Mann  and  Ishikawa  sequence  for
asymptoticaly nonexpansive mappings in
Hilbert space, [7]. In this paper, there are
several theorems of the following type:

T is a self-mapping of a Banach space X,
satisfying a contractive condition that may or
not by strong enough to guarantee
convergence of the ordinary iterates (Picard
iterates) of T to a fixed point. It assumed that
the modified Mann iterates and modified
Ishikawa iterates of T converge, for

certain{c,} .{B,}. It is then shown that they

converge to a fixed point of T. In section two
there is a generic theorem of this type for
Mann iterates and some special cases. In
section three a modified Mann iteration
sequence for a par of self- mappings is
defined and theorem of common fixed point
with its corollary are proved. Section four is
developed to generalize the sequence in (1.3)
for two self-mappings and then study their
coincidence point. As well as section two,
section five is concluded a generic theorem to
show the convergence of modified Ishikawa
iteration sequence in (1.4) to a fixed point.
Also there are some specia cases. Section six
is developed to generalize the sequence in
(1.4) for two self-mappings and the study their
coincidences point. Section seven is developed
to generdize the sequence in (1.4) for two



self-mappings and then study their coincidence
point.

2. General Principlefor Modified Mann
Iterations.

For the sequence {x,}in (1.3) we prove
the following:

Theorem 2.1 :
Let T be a self-mapping of a closed convex

subset C of a Banach space X and {x,}is
defined in (1.3) with Li@nginf o, > 0.Suppose
that {x,} convergesto apoint pi C . If there
exists constants o, A, 3,6 2 0,6 <1 such that
I'I'”xn -Tp||£oc||xn - pf+A
Blp-T"x,
i, -Tol)
then pis afixed point of T.

+

....... (2.1)

n
X, -T"X,

+max{[p - To|.

Proof:
By (1.3) implies that

X, =@- o)X, +o,T "X, - X,
=, (T "X, - X,)

Thus limx,, = p, which implies that

n® ¥

X

n+l -

. e N
x| =l 75,
— | n

0 —!]|®r9an|'|' X, - X,
snce liminfea, >0, then Iim"l'”xn-xn :

n® ¥ n® ¥
Which mean that
Iim’T“x - Hzo,ie.limT“x =p.
n® ¥ n” P n® ¥ n=P

Taking the limit of (21) as n® ¥ .
Yields|p - Tp| £ 6| p - Tp|,which implies that

p=Tp.

We can apply theorem (2.1) in the
following:-
Corollary 2.1 :

Let X, T, C and {x,} as in Theorem (2.1)
and {x,} converges to apoint pi C . If there
exists constants ¢,q 3 0,q <1 such that, for al
X,yinC
T - Ty | eamax{c|x - y],(Jx - x|+

Iy =Ty D). (b - Ty D+l - )}
then pis afixed point of T.
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proof:
Replacing Tx by T "X, , y by p, we have

"I'”xn —Tp“Eq ma><{c||xn - p||(
+[p-Tp]), (|, - o]+
aclx, - pl+afx,-T"x,

n
X, -T"X,

b

+

p_Tan

alp-T ", | +ama{|p-Tp|. x, - Tp[}
If we put o=qc,f=4=q, then another

contractive condition (2.1) is satisfy and by
theorem (2.1), p is fixed point of T.

Remark 2.1
In [2], Rhoades proved some results about
convergence of Mann iteration sequence in
(1.2) for the following cases.
Let X be anormed space
1-There exists a constant g, 0<g<1 such that,
foral x, yin X
[rx - Ty [ £ qmax gx - Tx [ 4y - Ty[ x - Ty | >

Iy -] - Tx Ay - x| b - Ty [y - Ty}

2-There exists a constant g, 0O<g<1
such that, for al x, y in X

Tx - Ty £qmaxj [x - y|x
|

Jx - T (2- [}x - Ty])
1+|x - x|

I - y|(2- |y - Ty|)
frx-y|

Iy - Ty|(2- frx - y])
1+y -Tx| i;

3- For each X, y in X, a least one of the
following conditions hold

@ [x-Tx+ly - Ty eelx- v,
l£a <2,
O - Tx+ly - Ty B{x - Ty +
1 2
Iy -Tx+fx - v} €8 <3
© e Tl - Ty | +fre Ty 2
Mpe-Tyl+ly -Txpaga<g,
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(@) [Tx - Ty[£6maxi |x - y]Jx - Tx],
|

x - Ty|+[y - x| u

,0<6 <1
2

Iy-Ty].

Remark 2.2
It is easy to show that the cases (1) and (2)
in remark (2.1) are special case of corollary
(2.1) asfollows:-
1- The condition (1) in remark (2.1) implies
that

[ - Ty [ £ qmax{maxqx - Tx| |y - Ty [},
max{[x - Ty |y - T [},

max{[pc - T [ |y - T [},

which, in turn, implies that

qmax{lx - x| Jy - Ty [ Jy - [ Jx - Ty [},

Vol.13 (1), March, 2010, pp.131-141

maw{ - Ty [ ly - Ty [[}.

[ - Ty | £ yJa max{[jx - x| [y - Ty|.Jx - Ty],

Iy -7}
2- For condition (2) in remark (2.1), consider
[ - T (2- < - Ty])
1+[x - Tx||
for each pair x, y such that the numberator is
negative, that term can be ignored, since it

clearly cannot be the maximum. For each X, y
such that the numerator is positive, the

expression is dominated by |x - Tx|.
Employing a similar argument to each each of

the fractions in condition (2), it follows that
condition (2), implies that

[T - Ty | £ amax{|x - y|.|x - Tx ||y - Tx],
ly -Ty[p,

and condition (2) is a special case of corollary
(2.2).

For condition (3) in remark (2.1), we prove
the following:

Corollary 2.2
Let X, T, C and {x,}as in theorem (2.1),
{x,} converges to a point pT C. If there

exists constants «, 8,42 0,6 <1 such that for

each x, y in C one of the following conditions
holds:

@l -Tx|+ly -Ty[£afx - y|1£a <2
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() [x - T +[ly ‘Tyufﬁ{"X -Ty||+[y - Tx|+
1 2
e vhhen<2
©[x - Tx|+[y - Ty | +[Tx - Ty £
2
Mlx-Ty[[+ly - Txf} 1£4 <,

@ [rx-TylEamac] fx- y]x-Tx]

b0

then p is afixed point of T.

X-T
-yl

Proof:

Set Tx =T "x,, y=p in each of (8)-d).
Using the argument on page 754 in [2], it
follows that

1
n n—Tp“Emax|l %”xn— p||+
1

%~ P 1+p

2 2 ("Xn'Tp"+
lo-7x, )+§nxn- pll (I, - Tol +
[p-Tx,])- I,
6max:' Ix p-Tp|,

|
X, -Tp|+|p-T "X i 0
N
[11+8 . 60
. 122 ’l’zkf
- p| rma) 2 12/3,1,5%‘

max{llp -Tp|L[x, - Tol}.
and (2.1) is satisfy.
Corollary 2.3

Let X, T, C and {x,}asin Theorem (2.1)
{x,} converges to a point piT C. If there

exists congtants or,q >0and a<%,q <1 such

that, for each x, y in C one of the following
conditions holds:



L{Tx - Ty[| £ max{jx - ],
[x - [ +]y - Ty]
. ,

............. (2.5)
[x - Ty +ly - ],
2 J

2 [rx-Ty|£a(fx - Tx[ +]y - Ty[)+

1- 2a) maxi Ix-y|.
i

[x-Tx[+]y - Ty|
5 :

........... (2.6)
[x-Ty[+ly - x| @
2

3-ITFX-Ty||£qm8°<§ [ - v

[y - Tylia+]x - Tx]p
Lefx-y)

......... 2.7)
- y|(L+]x - x| +]y - Ty])
2(1+[x - y])

then pis afixed point of T.

;
y
b

Proof:
For (1) set Tx =T "x,,, y=pin(2.5), given

%, To| Emact fx, - ol

X, -T"X,
2

Ix, —Tp||+||p -T"x,

2

+|p-Tp|

fi
y

.b
o,

+

n
X, -T'X,

1
£lx, - ol 2

1
2 ma{ o~ ol Jx, -Tol).

and (2.1) is satisfied.
In 2,
[T - Ty || £ e (fx - Tx| +]ly - Ty[) +1- 20)
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x - Tx|[+]y - Ty] [x-Ty[+]y - Tx]ii .
2 2

max{ (1- 20r)|x - Tx |, max{2¢,(1- 2cr)

- i

T4y -Ty] =Tyl ly =T
2 2
£ max}’||x i y”"X -Tx]+[ly - Ty||’
A 2
i
[x - Ty|+]y - Tx||d
5 :

which is a special case of condition (2.5).
For 3, set Tx =T "X, y=pin (2.7), given

7", - Te| £amax{fx, - p,

- To| (1+
1+[x, - p|

n
X, -T"X,

[, - pl(+ )+p-To|
2(1+x, - pl)

e+ 0k ol Elo-Tol+ 3

1o LU
y|p-T
max (. >y~ TP

and (2.1) is satisfied.

n
X,-T"X,

n
X - TOX, I+

3. Common Fixed Point For M odified
Mann Iteration of A Pair Mapping

We shall define a general Mann iteration
for apair of mappings Sand T asfollows:

x,1 C,

Xonn = (1_ aZn)XZn +a2nSnX2n ’

- n
Xonea = (1' a2n+1)X2n+l+a2n+]T Xons

where O£ a,,, ,,,, £1,0n 3 1.

Theorem 3.1
Let T and S be a sdf- maps of a closed
convex subset C of a Banach space X and

{x,}is defined in (3.1) with liminf o, >0.
Suppose that {x,} converges to a point
pil C. If there exists constants

o, A,pB,0,a A ,B ,0 300,60 <1 such
that
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S"X,, - TR|E [, - P+ B[X,0 - "%,
+ﬂ.“p— S, [ +
........... 32)
& max{[lp - Tp]. [x, - Tp]}
and
"Sp'T nX2n+1 Eo ||X2n+1' p||+
ﬁ ||X2n+l -T nX2n+1 +2 ||p -T nX2n+1
....... 33)

+6 max{||p - Sp", ||X2n+1' Spm

then p is a common fixed point of Sand T.

Proof:

By (3.1) implies that
Xons1 ™ Xop :aZn(SnXZn - X2n)'
Thus Iimx = p, which implies that

lim|x =limea,, |S"X, - X
n® Y " 2n+1 " 2n " n®Y 2n 2n 2n
0 —LI@I’Q a2n S X2n X2n
since liminf o, >0, then
n® ¥ 2n
- X, [=0. Which mean that
n® ¥ 2n

on - p“ =0,i .e.Ii®rQS”x2n =p.
Taking the limite of (3.2 as n® ¥.
Yields|p - Tp| £ 8| p - Tp|,which implies that

p=Tp.
By (3.1), implies that

Xonz ™ Xona1 = (1_ a2n+1)X2n+1 +
n
0‘2n+1T Xons1 ™ Xonn
—_ n
P 0 _a2n+1(r Xons1 ™ X2n+1)'

Thus Ii®n2x = p, which implies that

’T X2n+l

’T Xons1 ™ Xonu

lim||x
n® ¥ 2n+2 ~

Ilma2n+l

2n+1 2n+1

0 =lime
ney 2n+1

sinceli@rginf 0y, >0 then
n

lim ons1 ™ Xonull-  Which  mean  that
n® ¥

. n P, _

rI]|®rr¥1 on+1 " p“—O,I .e.!]I@)I’QT Xons1 = P-

Taking the limit of (3.3) as n® ¥.
Yields|p- Sp|£6 |p- Sp|.which  implies
that p=Sp. Thus, p is a common fixed point of
SandT.
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4, Coincidence Points by Generalizing
Iteration Sequencein (1.3).

Let F, G be two self-mappings of X. The
following iteration scheme, which is a
generalization of Mann iteration process, is
defined as follows:-

X, X, GXyppy =(1- ,)CX, +a& ,F"X,,

whereO<o, £1,n 2 1and Ii®nQinf o, >0.

Definition 4.1 [5]
Two maps F and G said to be compatible
if, for each sequence {x,}1 X such that

=limGx,, it is the case that

ne ¥

limFx,
n® ¥

!]gTQ"FGXn - GFx, | =0.

Theorem 4.1
Let F,G be a sdf-mappings of a Banach

space X, for any n3 1L, F",G are compatible,
G is continuous and {Gx,} is defined in (4.1)
converges to a point pl X . If there exists
constants o, 4, 3,6 3 0,6 <1 such that

|[Frex, - Fp|£alc?x, - Gp
"X, - F'Gx, | +A[Gp - F

|+

8 max{||Gp - Fpll.JG %, - Fpm
then p is a coincidence point of F and G.

Proof:
By (4.1) implies that
-Gx, =(1- o, )Cx,, +a,F"x, - Gx,,
=a, (F"x, - GX,).
Thus rI]i®me = p, which implies that

e

Gx

n+l "

Gx ||—I|ma
n® ¥

=lima,
n® ¥

sinceli@nginf o, >0,then
Which mean that
lim —0,i.e.li®nQF"xn =p.

n® ¥
F"and

0

lim
n® ¥

G ae
=0.Since

Since
F"Gx, -

compatible,

lim G is
n® ¥




continuous, Ii@)erGF”xn =Gp, and hence
L|®rQF Gx, =Gp.

Using the triangular inequality,
leF ", - Fp|£|GF"x, - F'Gx,

|Frex, - Fo|

Taking the limit of (4.3) as n® ¥ . Yidds
|Gp - Fp| £6|Gp - Fp|,which implies that
Gp=Fp.

+

Lemma4.1l
Let F,G be a sdf-mappings of a Banach

space X, for any n3 1,F",G are compatible,
then F" and G commute at coincidence points.

Proof
Let x coincidence point of F"and G, then
F'x =Gx =vy.
By definition of compatibility,
P lim|F"Gx - GF"x|=0.

n® ¥

) Iim‘
n® ¥

Fly -Gy“zo

P I F"y - limGy =0
P lmF"y = imGy
[imF"Gx =limGF"x ; thus, F"and G

b
n® ¥ n® ¥
commute at X.

Corollary 4.1
Let F,G be a sdf-mappings of a Banach

space X, for any n3 LF",G are compatible,
G iscontinuous and for any X, y in X,
[Fx - Fy| £a(x,y)|Gx - Gy|+b(x,y)

(lox - B [+fey - Fy [) +c(x.y)

(lex - By |+ley - Rx )

X X ® [0,]] such that
that

where g, b, ¢, :
sup (a+2b +2c)(x,y) =1.Suppose

x,yl X
{Gx,} is defined in (4.1) converges to a point
pl X then p is coincidence point of F and G.
If
inf b(x,y)>0
Xyl X

then Fp is a unigue common fixed point of F
and G.
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proof:
To show that p is a coincidence point, it

suffices to show that (4.4) implies (4.2).
substituting into (4.4 with
x =Gx,,Fx =F"Gx,,y = p, wehave
|[Frex, - Fo|£aG*x, - Gp|

+b (”szn - F"Gx,

c(fe, - Fol+

+|Gp - Fo)+

)€

+c|Gp- Frex,

Gp- F"Gx,

ale, - csp||+b”cs2xn - F"Gx,,

ymax{|Gp - Fo|.[67x, - Fol},
where a, b and ¢ ae evauaed at
(Gx,,p),andy = sup (b +c)(x,y).If

x,yl X

y =0, then
(4.2) isclearly satisfied.
If y>0,then y<2y£land again (4.2) is
satisfied.

From lemma (4.1), F"and G commute at
coincidence points. Substituting x=Gp, y=p
into (4.4) gives

|[Fap - Fp| £ae?p - Gp| +b((|c2p - Fop|)

+[Gp - Fp) +c(|Gp - Fp|+[Gp - FGp]).

£ (a+c)|FGp- Fp|

£y|FGp- Fp|
where a, b and ¢ ae evauated at
(Gp, p).Condition (4.5) implies thaty <1.
Hence, Fp=FGp=GFp and Fp is a fixed point
of G. F?p =FGp= GFp= Fp, and Fp is a fixed
point of F.
To prove uniqueness, suppose that u isalso a

common fixed point of F and G. Substituting
into (4.4), with x=u, y=Fp, we have

Ju- Fp =HFu - sz“ £ a|Gu - GFp|
+b (JGu - GFu| +[GFp- F 2p“)

+c("Gu - sz“ +|GFp - Fu||),
=(a+2c) |u - Fp|| .
By condition (4.5) implies that u=Fp.

5. Fixed point by modified I shikawa
Iteration sequence.
To find a fixed point for a self-mapping T
using modified Ishikawa iteration scheme in
(1.4), we prove the following:

+
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Theorem 5.1
Let T be a sef- mapping of a closed
convex subset C of a Banach space X and

{x,}is  defined in (1.4 with
liminf e, >0.Suppose that {x,} convergesto
a point pl C. If there exists constants
o, A, B,0,a ,B 3 0andd, <1 suchthat
"I'”xn -T"y, £ +

........ (5.2)

X, -T"y,

B

n
X, - T"X,

and
"I'”xn -Tp“£a||xn - p+A

+p

n
X, -T7X,

|p—T"xn

......... (5.2
+5 max{|p-Tp|, [x, - Tol}
then pis afixed point of T.

Proof:
By (1.4) implies that
X~ Xy :(1_ an)xn +anT nyn - X
:an(r nyn - Xn)
Thus I|®nQ X, = p , which implies that

’Tnyn_xn
Yo%,
"I'”yn-xn :

snce liminf o, >0, then lim
n® ¥ n® ¥

n

o= ol = imes

0 =lime,
n® ¥

Which o
r|1l®rr¥1 ’T Ya- p“ =0,i -&LI@I’QT y, = p. Put
|iqg9T”yn =pin (5.1, we have

’Tnxn_ p“Eﬁ
"%, - p[=0i e.limT "x,, = p.

’T”xn— p” since (<1, then
lim
n® ¥

Taking the limit of (52) as n® ¥.
Yields|p- Tp|£ 68| p- Tp|,which implies that
p=Tp.

Corollary 5.1

Let C be a closed convex subset of a
Banach space X, T a sdf- mapping satisfying
the condition: there exists constants
¢,q 2 0,g <1 suchthat, for al x, yinC
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rx - Ty £qmax{c|x - y.(Jx - Tx|+
..... (5.3)
Iy -Ty[ ). (% - Ty [+ [y - T}

If the Ishikawa scheme in (1.4), with

I|®nQ B, =0, convergesto apoint p, thenpisa

fixed point of T.

Proof:
It is sufficient to show that (5.1) and (5.2)
are satisfied.

Replacing Tx by T "x,, , y by y, in (5.3), we
have
IT an -T nyn

£q max{c||xn AP

(

then by (1.4)
yn :(1_ ﬁn)xn +ﬁnT nXn’
We have

"Xn' yn":ﬁn
yn _Tnyn :“(1_ an)Xn +ﬁnT nXn _Tnyn
(1_ ﬂn) +ﬂn ITan_Tnyn
and
y,-T"x,

+

n
X, -T"X,

)
)

yn_Tnyn

+

Xn-Tnyn

y,-T"X,

n
X, =T X,

£

Xn_Tnyn

=|@- B)x, +BT "X, -T"x,
X,-T"%, - B,(X,-T"x,)
:(1_ ﬁn)

’

n
X, =T X, |-

Thus
'-I-nxn _-I-nyn
X, -T"X,

n
X, -T"X,

£qmax{c[3n
+(1- B,)
X, -T",

@- B,
A[x, - T %,
+aB, [T "%, - T"y,
+q(1- B,) he

n
X, -T7X, +

+

i

X,-T"y,

+

B,

X,-T"y,

X, -T"X

+

n
X, -T"X,

= max{ac,
al- g,)
q
max{ac,
al- B,)

q(l- ﬁn)
so that

X,-T"y,

’

n n
Xn'T Y Xn'T X

n
X, -T7°X,

7q
X,-T"y,
"I'"xn -T"y,

q +

}+a,

X,-T"y,

n
X,-T"X,




TI'”xn -T "y, £ max{qc
+q(1' ﬁn)

q (l- ﬁn )

(1_ qﬁn)
qlx,-T"%,

q
then

"I'”xn-T"yn

X,-T"y,

’

}

n
X,-T"X,

X,-T"y,

n
X,-T"X,

’

£ max{qc,Bn
q
q(l- ﬁn)

nX +

n

X, -T

Q(l' ﬁn)
1- qﬁn

+

X,-T",

X, -T"y,

q

a@- B,) [}
Fix N, N is positive integer number since
B, ® 0,50 that for n>N implies cf, <1 and

X,-T"x

B, <1'Tq.Then for n>N,
_ ! q

B —max%cﬁn,m
|T "X,-T"y,.Il£9
+p
and (5.1) satisfied. Therefore !]I®rTQT "X, =Pp.
Again form (5.3)

”Tp-T "X, £9 max{c||p- X, |.|lp - Tp|+

,(1- qﬁn)g,

Xn_Tnyn

n
X, -T"X,

+"Xn B Tp"} £

n
X, -T7X,

p-T"x,

allp- x,[|+a +

n
X, -T"X,

amax{|[p-Tp].|x, - Tp[}
and (5.2) is satisfied.

+q|p-T"x,

Corollary 5.2

Let C be a closed convex subset of a
Banach space X, T sdf-mapping of C
satisfying a least one of the following
condition of X, y in X

@ [x-Tx|+ly- Tyl afe- v,
lEa<2,
Ol =T+l - Tyl BT
1 2
Iy -+l v 38 <2
@ =Tl Ty |+l Ty e

n
Xy =T "X, 1,
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2
Al -Ty [y - Tx[).1£2 <2,

() [T - Ty £ maxff -y [x - Tx].
[x - Ty[+]ly - Tx]
| ’ 2 }

ly - Ty ,0<8<1.

If modified Ishikawa iteration scheme (1.4)
converges to a point p, then p is a fixed point
of T.

Proof:
It is sufficient to show that T satisfy
condition (5.1) and (5.2) from conditions (a)-

d). Replacex by x,, Txby T "X, , y=p then;

@) o =T [+|p-To|£alx, - p|,
lfEa<2,

X,-T"

Xn

+[p-To| £ B{|x, - To| +
1. 2

+x- P} 5 EB<3,

o, T

ﬂ@£z<§,

@

Xn

“p-T”xn

+|lp-Tpf +
lwm—Tﬂ+%—TWn

©)

n
X, -T7X,

(@ [T "x, - Tp| £ 6 max{|x,, - p].

Ix, -Tp||+||p -T"x,
2

n 1
||xn-T X, 1,

0£6 <1.
Using triangles inequality
7%, = Tp| £[T "X, - %, [+[x, - Tp|

so that
"T "X, -Tp"- [x, - Tp| £ I'I'"xn - X,

[p-Tp|,

. (5.4)

and

', -Tole
so that
"%, - Tp|-

T, - p| +|p-Tp|

"I'"xn - p”£||p-Tp|| ....(5.5)

If x,, p satisfying (1) and using (5.4) and
(5.5), then since

X~ T, | [P~ To|€tlx, - o]

b "I’"xn -Tp”- Ix, - Tp| + ’T "X, -Tp“-
"X, - p|£alx,- o],
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"X, - TR - [, - "X, - Pl Tox, - Tp|e max} %, 2 Y
o - TP| £ max | —,=,8y[x, - p|+
|, - p| 12727
n a ~ .
TP £ 510 - Pl max| L 108 1A S0 o 1,
1 1272 73 2 "
+§(||Xn “Tpl+frx,-Rl) (5.6)
If x,, p satisfying (2) and using (5.4) and 8lx, - T, |+
(5.5), then max) L 1B 1+4 <
(Ix. - {272 73°%
sx,-pf),  m{x.-Tel.[p-Trl}
b ann -Tp”- I, - p‘ then (5.2) satisfied. Now: substituting p by vy,

+T"x, - Tp| £ B(|x, - Tp|
" n +||Xn' p”)’

then

x, - Tp| 222

2 ("Xn - Tp||+”p -T an

)

If x,, p satisfying (3) and using (5.4) and
(5.5),since

e, Tole
;t(||xn —Tp||+||p—T"xn )
ol e oI, T
o, Tl
)L(||xn -Tp| +||p-T”xn )
then
- T[22, - Tol+[T x, - o)
If x,, p satisfying (4), then

n n-TpHESmax% %, -

[0 - TR +[p- T,
2

In al cases, we have
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in (5.6)

SRR ER S G

111+ 1+4 8y

B SR 2%3’” T,
1,31+l

max{xn_Tnyn1yn_Tnynﬂ
Let A= max }g,ﬁﬁu,
1272y
B=max}l,1+ﬁ 144 o4 and
12" 2 " 3 '2)
C=max\|11,1+ ,ﬂﬁu,then
12 3 ')
"X - T Y I EA[X, - Y,
dx, {xn-T”yn ,
ox,
Clx,-T"y, £
T, |[+




Cly,-T"x,[+C

I-I-nxn_-l-nyn

-C £

"I'”XX-T”yn

%, =Ty,

(Aﬂn +5+C (1_ ﬁn) +C)
B

+

n
X, -T"X,

yn_Tnyn ’

thus,
1-C)

"I"‘XX-T"yn £(AB,+5+2C- BC)

o =T+ By - T[T, - T,

(AB,+8+2C - BC)
1-C

£

X -T"x

n

n

+

Y- T"X,

1-C
AB,+6+2C - BC
ﬂn ﬁn ) and ﬁ - .
1-C 1-C
then (5.1) satisfied. Thus,by Theorem (5.1), p
is afixed point of T.

6. Common Fixed Point for M odified
Ishikawa Iteration of a Pair M apping

We shal define a genera Ishikawa
iteration for a pair of mappings S and T as
follows:

XOT C! Yn :(1_ ﬁn)xn +:BnT nXn

Xn+1:(1_ an)xn +ansnyn
where O£ o, 3, £1,n 3 1.
Theorem 6.1

Let T and S be a self- mappings of a closed
convex subset C of a Banach space X and

{x,})is  defined in (61  with
liminf or,, >0.Suppose that {x,} converges

Leta=( B

to a point pl C. If there exists constants

oA B,o,a ,A,B,0,a B 206,060, <1
such that

S"Y, - TP € X, P+ B[X,s- S"Y,
...... (6.2)
+/1“p- S"y, [+ max{|p- Tp|,
[Xn.s- To[}
’T“xnﬂ- S"y.Ea [X,u-S"Y,
B Xy = T "X g oo (6.3)

140

Salaw Salman Abd

and
||3)_Tnxn+1 ta ||Xn+1_ p||+:B Xn+l_Tan+1
# [P T "X, +6 max{]lp - S,

X0 - o[} --(6.9)

then p is a common fixed point of Sand T.

Proof:
By (6.1) implies that

X X, =1- o)X, +a,S"y, - X,

n+l
=a,(S"y, - X,)-
Thus I%rgxn = p, which implies that

Li@gguxnﬂ' Xn"=!,i®r9an S"Y .- X,
0 =rl1|®ngocn Sy, - X,
since liminf o, >0, then lim|S"y, - x,,[=0.
n® ¥ n® ¥
Which mean that
. R
rI]|®ng S"y, p” O,|.e.L!®rQS Y.=Pp.

Taking the limit of (6.2) as n® ¥ .
Yields|p- Tp| £ 6| p- Tp|,which implies that

p=Tp. Put limS"y, =pin (6.3)implies thet
’Tnxml' p”f'ﬂ ’Tnxn+l_ p“,so

H n —
T X0 =P

Taking the limit of (64) as n® ¥.
Yields|p - Sp|£6 |p - Sp|,which  implies

that p=Sp. Thus, p is a common fixed point of
SandT.

that

7. Coincidence Point by Generalizing
Iteration Sequencein (1.4).

Let F, G be two sdf-mapping S of X. The
following iteration scheme, which is a
generalization of Ishikawa iteration process, is
defined as follows:-

x, 1 X,
GX,, = (@- 0,)Cx, +a \F"y,, .....(7.1)
where O<a, £1, n3 1and liminf ez, >0.
n

Theorem 7.1
Let F, G be sef-mapping S of a Banach

space X, for any n3 1, F",G are compatible,
G is continuous and {Gx, } is defined in (7.1)
converges to a point pl X . If there exists
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constants «a,A,B,8,a,B 20,8 ,0<1 such
that

“F”xn— FUy.lEa |x, - Fy, [+
.......... (7.2)
B lx,- F"x,
and
F"Gx, - Fp| £|Gx, - Gp|+B[G"x, - F"Gx,
+A|Gp- Frox, | +
.......... (7.3)

& max{|Gp - Fp|, ||G X, - Fp|[}
then p is a coincidence fixed point of F and G.

Proof:
By (7.1) implies that
Gx, =(1- o, )5x, +a,F"y, - Gx,
=a,(F"y, - Gx,).
Thus rI1i®nQGxn = p, whichimplies that

Gx

n+l "

Iim||Gx

lim - Gx,|=lime,

n® ¥

F"y, - GX,

n+l

0 =lime,
n® ¥

Fy,-Gx,

F'y, - Gx,

Sinceliminf o, >0, then lim| :
n® ¥ ne ¥

F'y,- p|=0,

|.e.!]|®rQF y, =p. Put !][@rQF y,=pin (7.2),

Which mean that Iim|
n® ¥

implies that ||F”xn - p||£ﬁ ||F”xn - p||,so
that limF"x, =p.
n® ¥

Snce F"and G ae compatible,
lim|F"Gx, - GF"x, [ =0.Since G is
n® ¥
continuous, Ii®rQGF”xn =Gp, and hence
limF"Gx, =Gp.

n®¥Using the triangular inequality,
leF ", - Fp|£|cF"x, - F'Gx,

*

F"Gx,, - Fp|

Taking the limit of (7.4) as n® ¥, and
usng (7.3), gives [Gp- Fp|£5|Gp- Fp|.
which implies that Gp=Fp.
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