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Abstract

In this paper, the collocation method is considered to solve the nonhomogeneous fuzzy
boundary value problems, in which the fuzziness appeared together in the boundary conditions and
in the nonhomogeneous term of the differential equation. The method of solution depends on
transforming the fuzzy problem to equivaent crisp problems using the concept of a-level sets.
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1-Introduction

Fuzzy set had been introduced by Zadeh in
1965, in which, Zadeh’s original definition of
fuzzy set> is as follows “a fuzzy set (denoted

by )K\) is a class of objects with a continuum
of grades of membership. Such a set is
characterized by a membership (characteristic)
function mg : X %® [0, 1], where X is the

universal set, which assigns to each object a
grade of membership ranging between zero
and one”, i.e., the fuzzy set may be given by,
[l [3]:

A ={(x,mg () :xT X, 0£my (x) £1}

Convex fuzzy sets are of great importance
in defining fuzzy numbers. This property is
viewed as a generdization of the classica
concept of convexity of nonfuzzy sets. The
definition of convexity for fuzzy set does not
necessarily mean that the membership function
of a convex fuzzy set is also convex function,

where afuzzy st A on isconvexif, [6]:
mg (1 xq +(0- 1)x2) 2 Min{m (x7),mg (x2)}
foral x3, o1 ,andall T [0, 1]. Also, a
non-empty fuzzy set A can aways be
normalized (i.e., the greatest membership
value) by dividing mg(x), " x T X by
Sup g (x) and as a matter of convenience,
xI X
we will generally assume that fuzzy sets are
normalized, [4].

Among the basic concepts in fuzzy set
theory which will play a central role in solving
fuzzy differential equations is the concept of
an a-level, where if we are given a fuzzy set
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A defined on the universal set X and any
number a T [0, 1] the a-level, A, is the crisp
set (non fuzzy set) that contains all elements of

X whose membership grades in A ae greater
than or equal to a pre specified value of a, i.e.
Aa={x:mg(x) 3a," xI X}

Kandel [4] applied the concept of fuzzy
differential equations to the analysis of fuzzy
dynamical problems, but the boundary value
problems was treated, rigorously by
Lakshmikantham, V., Murty, K. N. and
Turner, J. in 2001, [1]. Henderon, J. and
Peterson, A. in 2004 obtained a theorem of the
existence and uniqueness of solutions for the
boundary value problems of fuzzy differentia
equations.

Pearson in 1997, introduced the analytica
method for solving linear system of fuzzy
differential equations with the cooperation of
complex numbers while there is no such study
for evaluating the analytical solution of fuzzy
boundary value problems explicitly, except of
the work of Al-Saedy A. J. in 2006 [2] and Al-
Adhami R. H. in 2007 [1].

In this paper a modified approximate
method is presented for solving fuzzy
boundary value problems, using the
collocation method. This approximate method
is given with illustrative example.

2-Fuzzy Number

In this section, we shall give some basic
concepts for fuzzy numbers and fuzzy
functions before we present the modified
approach for solving fuzzy boundary value
problems using the collocation method in
order to make our paper of self contents.



First, we will give the definition of a fuzzy
number and its representation using two
approaches as a a-level sets (which will be in
this case as a closed subsets of the red line).

Definition (1), [7]:

A fuzzy number M is a convex
normalized fuzzy set M of the real line R,
such that:

1. There exists exactly one xo I R, with

My (Xo) = 1 (%o is called the mean

valueof M).
2. My (x) is piecewise continuous.

Definition (2), [3]:

A fuzzy number M is of LR-type if there
exists functions, L (called the left function), R
(called the right function) such that L(X) £
My (X) £RX), " xT X (Universal set) and
scalarsa> 0, b > 0, with:

;{;Laﬁm'xi for xEm
myy=1 © % 2

“Re—=, for x3 m

{'€b o

m is a real number called the mean value of
N1 , aand b are called the left and right spreads
of m, respectively. Symbolically N is denoted
by (m, a, b)LR-

Now, in applications, the representation of
a fuzzy number in terms of its membership
function is so difficult to use, therefore two
approaches are given for representing the
fuzzy number in terms of its a-level sets, asin
the following remark:

Remark (1):

A fuzzy number M may be uniquely
represented in terms of its a-level sets, as the
following closed intervals of thereal line:

Ma=[m- v1-a,m+ J1-a]

or
Ma =[am, im]
a

Where m is the mean value of M and a 1
[0, 1]. This fuzzy number may be written as

Ma =[N, M ], where M refersto the greatest

lower bound of M, and W to the least upper
bound of M.
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Remark (2):

Similar to the second approach given in
remark (1), one can fuzzyfy any crisp or
nonfuzzy function f, by letting:

f (x) =af(x), T (x) = %f(x), x1 X,al (0,1]

and hence the fuzzy function f in terms of its
a-levelsisgivenby f. = [f, f].

3-The Collocation Method for Solving
Fuzzy Boundary Value Problems
Consider the n-th order linear ordinary

differential  equation  with  non-constant
coefficients:
GOYP0) (YU

CL)YEX) + co(X)y(x) = F(x), xT [a b]

1
where f isthe fuzzyfying function of the crisp
function f which may be written in terms of its
a-levelsasf, = [f, f], f(X) = af(x), f (x) =

%f(x),xT X,al (0,1, () 0," x1 [a

b]; with certain fuzzy boundary conditions.
Let fi (x) be the approximate solution

of eq.(1), defined by:

N

FOO=y()+ a &Bi(x),NIT

i=1
where y(X) is a function which satisfies
nonhomogeneous boundary conditions, B;,
" i=1 2 ..., N; is sequence of functions
which satisfies the homogeneous conditions
and & ," i=1,2, ..., N; arefuzzy numbersto
be determined.

To find the approximate solution i,
substitute ji in the differential equation (1) and
hence the problem is reduced to the problem of
evaluating of the constants & 's, for al i = 1,
2, ..., N; which gives residue function:

N ()

R(P/U,X)=cn]|:y(><)+§l &Bi(x)g *
i=1

1. \ -9

iy () +A &B(X)y  +.t
TR
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\ P¢
C1|Y(X)+a%1|3(x) +
T b
[

C0|Y(X)+a &B;(x)y - F(x)

f

i) i=1

3 N

- o (n-1)
Cn—l}y(n Y)+a &8
T

i=1

- on?y<”’(x)+é &Bi‘”)mg +

(x)y +...+
b

C1J|[

\ i
Tyff(><)+a 8BN(x)y +

i=1 b
o=
coly (0 +3 &B (x)g- F(x)

1 i=1
Therefore, R(ft , x) is now afunction of the
unknowns  #,8,,...,.4y which may be
rewritten as R( &, &,,..., & ; X) and therefore:
R(&,85,....4y; X) € O, foradlx1 [a b]

Hence eq.(3) may be rewritten for the
approximate solution as:

N
an: %) = & {ctiB 00 +
i=1

Cn- 18 B D () ..+

18 BX) + CodiBi (x)} +cry V09 +

Cray THX) + . oy €X) +

CoY (X) = F(X) v,
To evaluate the coefficients & 's, i =1, 2, ...,
N; we evaluate eg.(4) a n-distinct points X,

X2, ..., Xn 1 [a b], which will produce the
following linear system:

R( %.1,%.2 ..... %'N ; X1) =0

R( %1,%2 ..... %‘N X X2) =0
N

R( %.1,%.2 ..... %'N X Xn) =0

Therefore, we have:

N

& {cn8 B 0) +en mBM () 4.

i=1

cu8iBx;) +coti B ()} = F(xi) - ey V(x) -
Cray TI(x) - - cy &%) - cay (%), 1 =1, 2

. N
or in matrix form:
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AR =D e, (5)
where:
éay; ay L apnu
é
_gan ax L oan
&N 1 O ud
8 U
ént an2 L anng
where:
a1 = anin)(xl) + CHBin'l)(xl) + ...+
C1Bf(xq) + CoBi(x1)
o = CnB(Zn)(Xl) + Cn—lB(Zn- 1)(X1) + ..t
c1B$(x1) + coBa(xw)
1
an = CnB(Nn)(Xl) + Cn-1B§\r|]_1)(X1) ..t
1Bk (x1) + coBn(xa)
&1 = anin)(Xz) + Cme"l)(Xz) +o
C1 Bf(x2) + coB1(x2)
& = an(Zn)(xz) + cMB(Zn'l)(xz) + o+
C1B§(x2) + coBa(x2)
1
an = anﬁ)(Xz) + Cn.le\T'l)(Xz) + o

c1 B (x2) + coBn(x2)

N
a = BV (xn) + e 1B D (xn) + L+
C1Bf(XN) + CoBa(Xn)
e = CnB(zn)(XN) + Cn—1B(2n_1)(XN) + ..+
c1B§(xN) + CoBa(xn)
N
aw = B (xn) + e 1B D xn) + .+
C1Bfy(XN) + CoBn(Xn)
and:
€ #00)- 6y 00)- 6.y V09 .- ay®)- v ) §
D_A%(XZ) &y 000 61y ™ 00)- .- ay®)- ay ()
! i
éﬁ(xm-cny‘“)(xm- Gy 2000 - Gy i)~ oy O
€8 u
e u
5=¢%4
el u
(S} u
N



In order to solve the resulting system (5),
one must first use remark (1) to rewrite the
fuzzy numbers &, " 1=1, 2, ..., N; in terms

of its a-level sets as g = [i,a], fa =1[f,

f1," al (01]; and similarly for the fuzzy
boundary conditions. Then solving the related
nonfuzzy linear systems for the lower and

upper values of the a-level sets a and g,
"i=1 2, ..., N, respectively.

4-lllustrative Example
Consider the second order fuzzy boundary
value problem:

yHX) + 2y€x) +y(x) = f(x), xT [0, 1]

with fuzzy boundary conditions:
VO =4, y(D) = B, (6b)

where fis a fuzzyfying function of the crisp
function f(x) = 2x.

In order to solve the fuzzy boundary value
problem (6a) and (6b), use remark (1) to
rewrite first the fuzzy function f intermsof its
a-leves as f, = [f,f], where and f (x) = 2ax,

f(x) = Za—x al (0, 1] and the fuzzy boundary

conditionsin terms of its a-levels, as:

Va(0) =[1- v1- a, 1++/1- a]

and

Va(1) =[2- V1- a,2++/1-a],al (0, 1]
Therefore, to solve this problem using the

collocation method, consider the fuzzy

approximate solution ji with a-levels:

ja) =[] 0, T ], al (0,1]
Hence, to find the solution in the lower case of
solution Y, consider the problem:

YE+2YC+ Y =28X i @)
with lower bound of boundary conditions:
y=1-+1-a, y@)=2-J1-a,al (0,1]
Now, let:

3
L=y )+ 3 §Bi(x)
where: =
y(X)=x+1- Ji-a
which satisfiesy (0) = 1- +1- a andy (1) =2
- \/1-_a , i.e., satisfies the non-homogeneous
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boundary condition. The functions B;, i = 1, 2,
3; which satisfy the homogeneous boundary
conditions y(0) = 0 and y(1) = 0 may be
chosen as:
Bi(X) =x(x - 1)
Ba(X) = x3(x - 1)
Bs(x) =x3(x - 1)
and j_(al, ap , ag; X) will takes the form:
j (3,3, 83;0=x+1- J1-a +x(x- 1)
(8 +ayx+ agx)
=x+1- J1-a +a (x*- X) + ap (*-
) + ag (x'- X)
and upon subgtituting in eq.(7), yields:
28 + 8y (6x-2) + ag (12 - 6x) + {1 +
a (2x- 1)+ ap (3 - 2) + ag (4 - 3} +
X+1- V1-a +a (- x) +a (- X)) +
ag (x* - X°) = 2ax
or equivalently:
ay (X*+3X) + a (C+5x*+2x-2)  +
ag (X*+7x3+6x% 6x) = 2ax- x - 3++/1- a ..(8)

Now, evauae eq.(8) a x1 = O
X2 = 12, x3 = 1, which will yield to the
following linear system of algebraic equations.
¢0 -2 0 uéay
Ué_ u_
§L.75 0375 -0563;58; =

G
g4 6 8 F&asf
€ -3+J1-a U
é U
éa- 35++1- aq

82a- 4+1- a g

Solving this system, yields:

a =-2.45+0.723077+/1- a +0.5615385a

a, =15- 0541-a

ag =-0.4+0.138462+/1- a - 0.03076%

T_herefore:

j () =x+1-J1-a +-245+
0.723077+/1- a + 0.5615385a)(x* - X)
+(15- 051- a)(x®- x®) + (- 0.4 +
0.138462+/1- a - 0.030769a) (x*- x°)

Similarly, for the upper solution Y,
consider the problem:
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yer2yery = 2

with upper bound of boundary conditions:
yO) =1+ Ji-a,
al (0,1]

We let:

3
=y () + 3 Bi(x)
i=1
where:
y(X)=x+1+ Ji-a
which satisfies
y(0)=1++1-a andy (1) =2+ 1-a
and letting also:
B1(x) = x(x - 1), Bo(X) =x*(x - 1), and
Bs(x) =x3(x - 1)
Therefore, | (x) will take the form:
F(a, %, &0 =x+1+l-a +3
(- X+ B (- X)) + 3 (x*- XY
and upon substituting in eq.(6), yields:
3y (}X°+3X) + By (C+5x3+2x%- 2) +

B (CH+TICH6X- 6x) = % .3- - a
(10)
Hence, evauating eq.(10) at x; = 0, x, = 1/2,

x3 = 1, which will yield to the following linear
system of algebraic equations:

é 0 -2 0 uealu
g.75 0375 -0563“ 83 =
4 6 8 ggagg

(D: D D D>
QD

and solving this wstem yields:
3 =-245- 0.723077/1- a +

3, =15+0541- a

g =-0.4- 0.138462/1- -
Therefore:
T ()=x+1++1-a +(-245-
07230771~ a + 2261538
a

0.561538
a

0.030769
a

)(x* -

X) +

y @ =2+41-a,
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(L5+05+1- a)(¢- x°) +(-0.4-
01346215 . 2-030769

——)(x*- x°)
Combining | and | ylelds the fuzzy

solution of the fuzzy boundary value problem
6 asja) =[] ¥, T, " al (0 1],
x 1 [0, 1]. In addition, it is clear that for a = 1,
we get | (X) = ] (X), which is the same as the
crisp solution of the related nonfuzzy boundary
vaue problem. Also, the fuzzy solution i in
terms of the lower bound of solution | and
upper bound of solution |- and for different
a-levels (where a T (0, 1]) are presented in
Fig.(2):

a=0.1
a=0.4

1.4 —
1.2 ;
10
0.8 ;
0.6 ;

TTrTrTrTTTrT Tttt T TUTOTd
01 02 03 04 05 06 07 08 09 10
X

M

Solution

Fig.(1) : Theupper and lower solutions for
a=0.1,0.4, 0.7 and 1 of egs. (6a) and (6b).
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