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Abstract

Nonlinear phenomena play crucia rule in applied mathematics. Explicit solutions to the
nonlinear equations are of fundamental importance. Various methods for obtaining explicit
solutions to nonlinear equations have been proposed.

In this work, the homotopy perturbation method is employed for solving the initial value
problems of special types of nonlinear first order Fredholm integro-differential equations with some
illustrative examples. The final results of these examples obtained by means of the homotopy
perturbation method where compared with the results obtained from the exact solutions show that
this method gave effective results.

K eywor ds: hompotopy perturbation method, nonlinear Fredholm integro-differential equations.

1-Introduction U(Q) S0 i 2
The homotopy perturbation method was where qT A, q% 2, aEx£b, A is a red

proposed by J-Huan He in 1999. In this . . .
method, the solution is considered as a number, the kerndl k is a continuous function

summation of an infinite series, which usually in [a,b]” [a,b] and f is a given continuous
converges rapidly to the exact solution, [6]. function defined in [a,b].

Many researchers used this method say, [1]
used this method to compute Laplace
transform, [2] solved functional integral
equations by using the homotopy perturbation
method, [7] devoted the homotopy
perturbation method for solving special types _
of linear partial differential equations with A@u)- f (xd) —O..b ................................. (3)
variable coefficients, [4] used this method to _au s q

solve specia types of nonlinear Fredholm where Au) /19<(x,y)[u(y)] dy
integral equations, [3] gave the solutions of Then the operator A can be divided into

sngularly  perturbed ~ Volterra  integral two parts L and N where L is a linear operator
equations via this method, [5] applied this  yhile N is a nonlinear operator. Therefore
method to find the solution of the linear equation (3) becomes:

integro-differential equation  arising  in

oscillating magnetic fields, L@)*+N @)~ f (X) =0 o )
In this paper, we use the homotopy

perturbation method to solve the initial value

problem which consists of the nonlinear first d

order Fredholm integro-differential equation of L) =4

the second kind: dx

ukx) =f (x) +Ag<(x, y)u(y)l*dy ...(1)

together with the initial condition

2-Solutions of the Nonlinear Fredholm
I ntegro-Differential Equations
Consider the initial value problem given by
equations (1)-(2). We rewrite equation (1) as

where

and

N () =- Agk (x,y)lu(y)I"dy
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According to [6], we can congtruct a
homotopy

v(x,p):[a,b] [0,1] %3 A which satisfies
H{,p)=@1- p)ILV)- Luy)l+
PIA()- f (x)]=

In other words we can construct a homotopy v
which satisfies

H,p)=@- p) . Mol

A_-_

&x ax

p?gve— A G ()T - f(X)u 0

where pl [0]] ad u, is the initia
approximation to the solution of equation (1)
which satisfies the initial condition given by
equation (2).

By using equation (5) it follows that

and the changing process of p from zero to

unity isjust that of H (v, p) fromgv ((jju to
X

X
dv . q_
&-Ag(X,Y)[V(Y)] f(x).

In a topology, this is caled deformation,

dv du, av " q
ool —-ld<(X V(Y -f (x)

are called homotopic.

Next, we assume that the solution of
equation (5) can be expressed as

V(X) =V, (X) + vy (x) + pV,(x) +L

Therefore the approximated solution of the
initial value problem given by equations (1)-
(2) can be obtained as follows:
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u(x) =Ii<Rr)r2v (x)

The convergence of the series given by
equation (9) has been proved in [6].

By subgtituting the approximated solution
given by equation (8) into equation (5) one can
get:

dv,  du, +pdh
dx dx

du

3
ar— dx

i=0
é
pe ld<(>< y)ea pv(y)u dy- f(x)u 0
é €i=0 a
Then by equating the terms with identical
powers of p one can have:

0. dv(X)  duy(x) -0
©odx dx
1 dvi(x) | dug(x) F(x)-
©odx dx

AKXV [v%(W] dy=0

| dv,(x)
dx

i

.

':j /16<(X’y)[2vo(y)v1(y)]dy =0if q=2
a0

.i: dx

:.| /ld<(>< Y) 8o (y) V. (y)fly =0if g=3
:: av,(x)
: dx

b
TAGK 06y ) 8oy )V, () ey =0if g=4
| a
T

p
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av,(x) "

d—- /ld<(x y) %

a évk(y)vj.k.l(y)ady=0 if g=2
dv( X) ®

|
|
|
|
i
|
: - /ld<( Y) %
]
Pl b“o o
: ia:.O ka:O @/(Y)Vk(Y)Vj.k.i.l(Y)Epy—O if g=3
i
I d b jlig-li-isk1
i V“’Ad(w a4 a
.I. =0 k=0 I=0
: g/l (y)vk(y)vl (y)Vj_ 1- k,l(y)E]dy=O if q:4
i
.......................... (10.e)
Since  u@=a then we  choose

Uy(x)=a+c (y)dy and this implies that
u,(a) =« . Also, for smplicity we set

Vo(X) =Up(X) =+ O)f (y)dy.  Therefore by

substituting x=ain equation (9) one can have:
¥
u@=av, @)
i=0
Butv,(a)=a and u(a) =, hence
v, (a) =0, i=0,1,....
So, equation (10.8) is automatically satisfied.
By substituting v, (x)=uy(x)=o+§ (y)dy
into equation (10.b) one can get:

b Ly g

e u
avy(x) ACK(X.y) o+ § (z)dz dy =0
dx a ) a G

By integrating both sides of the above
differential equation and by using the initial
condition v, (a) =0 one can obtain

q

vi(x) = /lcxj<(t Y)ea+d (Z)dZu dydt

aa a

By substituting V,, and V; into equation (10.c)
and by solving the resulting first order linear
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ordinary differential equation together with the
initial condition v,(a) =0 one can get v,(X).
Then by substituting j=3, v, v, and v, into
equation (10.e) and by wusing the initid
condition v,(a) =0 one can solve the resulting
first order linear ordinary differentia equation
to get v,(x). In a similar manner one can get

v, (x), i =4,5... By substituting
v(x), 1=0,1,... into equation (9) one can get

the approximated solution of the initid value
problem given by equations (1)-(2).

3-Numerical Examples

In this section we present two examples of
the initial value problems of nonlinear first
order Fredholm integro-differential equations
that are solved by the homotopy perturbation
method.

Example (1):
Consider the initiad value problem that

consists of the nonlinear first order Fredholm
integro-differential equation:
l

159 1

= X2+ X+ Y)[uy)P
uéx) 00 oa d y)lu(y)l"dy
.............................. (12
together with the initial condition:
u(@=0 (13)
Here a=0, bzl, g=3 A=]
Fx)=2. L2 gng
160 64
k(x,y)=x*+y.

We use the homotopy perturbation method
to solve thisexample. To do this, let

859 1,0
X)=u = —vy-.d
Vo(X) =Uy(x) = (%160 64y
_ 159 1,
—X - —X".
160 192

In this case, let N=0, then
N

u(x) @a v, (x)=v,(x)
i=0

159 1 ,
==X -—X

160" 192
@0.99375000x - 5.2083333" 10 °x .



By subdtituting a,b,A,g,kand f into
equation (11) one can have:

1
X 2 [J
Vi) =t i HY) e - —Z _dzudydt
I %160 64 a

_ 4266737979617 X
697596641280000 5435817984000
In this case, let N=1, then

u(x) @gvi (X) =Vo(X) +v,(x)

697503400251617 600268507 «3
697596641280000 5435817984000
@0.99986634x - 1.1042837" 10™*x°.

Next, we must find V, (X)
1

V(%) = K (t,Y) [3(y vy (y)] dyet

_1632136562043826561889 X
12568209553851678720000000
2408085905449236767 X2

22443231346163712000000
Therefore, for N=2,

N
U(x) @AV (X) =Vo(X) +V, (X) +V,(X)
i=0
@0.99999620x - 3.1316122" 10 °x®
In a sdsmilar manner one can Qet
V,(x), 1 =3/4,... The following table gives

the approximated solutions for different values
of N.

€459 1 _,6

u(x)

0.99375000x - 5.2083333" 0 °x*
0.99986634x - 1.1042837" 10 *x°
0.99999620x - 3.1316122" 10°x®
0.99999988x - 1.0171587" 10 'x°

X - 3.5762754” 10"°x®

X - 1.3246308" 10 °x°

X - 5.0906824" 0 **x*

X - 2.0109439" 10 ®*x?

X - 8.1147316" 10 °x°

X - 3.7360906" 10 °x*

X - 55280006" 10" x*

Note that from the above table one can
deduce that as N increases the approximated
solution of the initial value problem given by

Of oof N of g & W N ~| OZ

=
o

27711283493
+ X,
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equations (12)-(13) converges to the exact
solution u(x) =x.

Example (2):
Consider the initid value problem that

consists of the
nonlinear first order Fredholm
differential equation:

integro-

UEX) = S - 4 ¢y +DLU(y Py - (14)

together with the initial condition:

T1(0) JT 0 I (15)
Here a=0, b=1, q=2 A=1]
f(x) =1—61x L aa

k(x,y)=xy +1

We use the homotopy perturbation method
to solve thisexample. To do this, let
&l
- —_d
Vo(X) =Uo(X) = c%Gy y

11 , 1
===x%- =X.
12° 5

In this case, let N=0, then

u(x) @5vi (x) =vo(x)

11 , 1
“=x 2. Zx
12 5
@0.91667x 2 - 0.2x.
By subdituting a,b,A,g,kand f into

equation (11) one can have:

x 1 2
€41 16, U
X ty +1) aop—z - —=dz (3 dydt
Vv, (X) = gj )6%6 52 u y
_ 1657 NE 323
43200 3600

Inthis case, let N=1, then

LX) @AV, () 2V, () +,(x)

@0.95502x ? - 0.11028x .
Next, we must find V, (X)
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. 27 | 0.999863x° - 3.43486" 10 *x
Vo (x) = At Y) [2v6(y Vv, ()] dydt ' '
00 28 | 0.999883x % - 2.91965" 10“x
_ 1266611 , 51047 29 | 0.999901x * - 2.48517" 10 *x
77760000 1296000 30 | 0.999915x?- 2.11818 10°*x
Therefore. for N=2 31| 0.999928x?- 1.80774" 10 *x
Ny ’ 32 | 0.999938x * - 1.54475" 10 *x
U @8 v () =6 () + % () +V; (X) 33 | 0.999947x?- 1.32165" 10°*x
@0.97131x° - 7.09997° 102 x. 34 | 0.999954x ? - 1.13214" 10" *x
Vv, (x), i =3,4,... The following table gives 36 | 0.999966x * - 8.33727" 10" °x
the approximated solutions for different values 37 | 0.999971x?- 7.16747" 10 °x
of N. 38 | 0.999975x * - 6.16927 10 °x
39 | 0.999978x - 5.31665 10 °x
N u®) 40 | 0.999981x 2 - 458769 10 °x
0 0.91667x * - 0.2x
1 0.95502x? - 0.11028x Note that from the above table one can
2 | 097131x2- 7.09997" 102 deduce that as N increases, the approximated
> pa— solution of the initial value problem given by
3 0.98022x" - 490465 10°X equations (14)-(15) converges to the exact
4 0.98572x” - 3.54806" 10°x solution u(x) = x2.
5 0.98936x? - 2.64527  10°x 4 Condus
2 p— - Conclusions
6 0'99190)(2' 2'01584, 102X In this paper, we dea with the
7 | 0.99373x’ - 1.56202" 10°x approximated solutions of the initid value
8 0.99508x2 - 1.22643" 10°x problems of special types of nonlinear first
9 | 0.996096x2- 9.73292" 10 3x order Fredholm integro-differential equations
. — — using the homotopy perturbation method. This
10 | 0.996875x° - 7.79290" 10 °x method was tested on some examples and
11| 0.997480x? - 6.28651 10 °x were seen to give satisfactory results as N
12 | 0.997955x * - 5.10395" 10 °x Increases.
13 | 0.998330x 2 - 4.16697 10 3x
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