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Abstract

In this paper we introduce and study g, g, g - compact functions and we study the relation of
compact function§ v!i'gh this types of the functions. Finally, we study further theorems and
propertiesong, g ,g - compact functions.
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1-Introduction 2-Certain Types of Compact Functions:
The objective of present paper is to P .
introduce certain classes of sets namely Defx"té?gsg'}g'[ﬁl'a space X is sad to be

g-compact sets and certain types of
g g, g -compact functions. Various
properties of such functions have been
discussed.

A space X means a topologica spaces
(X,7) on which no separation axioms are
assumed, unless explicitly stated. The interior Example (2.2):
and the closure of any subset A of X will be Let R be the red line, N be the subset of
denoted by Int(A) and cl(A) respectively. A Rand z={UT R|U=R or UCN=¢}.It is
function f :X® Y is said to be a compact if dlear that (R Z) is atopological space
f1(K)is a compact subset of X, whenever K . o P g . sp '
is a compact subset of Y [1]. A subset Fof a Ut Ui =NTE{i}={R- N}E{i}, i=12....
space X is caled generalized closed (briefly U, isnot open subset of R ,where il N. Since
g-closed) if cl(F)1 O, whenever FI O, and O U, CN={i},i=12..
isopenin X [2]. Also, a subset O of a space X Now to show that U, is g- open subset of
is said to be generalized open (briefly g-open) R. Since the only closed subset of R which is
if O%is g-closed set. It easy to show that every contained in U, is ¢, and so ¢1 U° this
closed (open) set is g-closed (g-open). The implies to U, is g-open for each i=12,....

author in [3] introduced the following . ¥
definitions Hence the family {U, }*., forms a g- open cover

A function f:X® Y issaid to be g-closed _ g )
i £ (F) is g-closed subset of Y whenever Fis  1© R that is UU, ‘,l_Jl({R' NHULi})= R, but
closed subset of X, and is said to be g -closed , i " L .
) . ' i this cover can not reducible into finite
it T (F) is closed subset of Y .whenever Fis g poqver Therefore R is not g — compact.

g;, closed subset of X, dso is sad to be To show that R is compact. Since the only

g~ -closed if f (F) is g-closed subset of Y, o L o
. . pen set which is cover N is U=R and so every
whenever F is g- closed subset of X . Also Tis open cover to R must be contains U=R. This

said to be g” - continuous if f*(F) is g- closed means every open cover to R ,we can choose
(g-open) whenever F is g-closed (g-open) finite subfamily {R} cover to R. Therefore R
subset of Y. Also, a subset O of X is g-open if is compact.

and only if FI O°for every closed set Now we introduce the following definitions:
Fl O.

generalized compact, (briefly g-compact) if for
every g-open cover of K has afinite subcover.

Every g-compact set is compact, but the
converse is not true in genera as in the
following exampleillustrate.
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Definition (2.3):

A function f X®Y is sad to be
g-compact if f (K) is g-compact subset in X,
whenever K isacompact subset in'Y.

Every g-compact function is compact, but
the converse is not true in general as in the
following exampleillustrate.

Example (2.4):

The identity function 1:(R{)® (R{)
is compact but not g-compact function.
The compact setsin R is the set that contain N.
Since any covering to this sets must be contain
R, then we can choose {R} to cover this sets.
Hencel; is compact function, since for any

compact subset K of R, I}(K) =K .

But I isnot g- compact function, since R
is compact but 1;'(R)=R is not g-compact
(example (2.2)) .

Definition (2.5):
A function f
g -compact
if f *(K)is compact subset in X, whenever K
is g- compact subset in'Y.
Every compact function isg - compact but
the converse is not true in general as in the
following exampleillustrate.

Example (2.6):

Let 1:(R7,)® (R,z), where | be the
identity function. | is g-compact function
since the g-compact sets in  z are the only
finite sets which their inverse images are
compact sets in 7,. But | is not compact
function snce (R, 2z) is compact
(example(2.2))hence I'Y(R) =R, but (R,7,)is
not compact, which implies | is not compact
function.

X®Y is sad to be

Definition (2.7):
A function f :X®Y is sad to be
g - compact if f !(K)is g- compact subset in
X, whenever K is g- compact subset in'Y.
Every g-compact functionisg - compact,
which they g'- compact, but the conversesis
not true in general.
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Definition (2.8), [5]:
A function f :X® Y is said to be point

inversely compact (briefly p.i.compact) if
f "*(y) is compact subset in X, for every yi Y.
We introduce the following concegpt.

Definition (2.9):

A function f :X® Y is sad to be
point inversely generalized compact (briefly
p.i.g-compact) if f *(y)is g- compact subset in
X, for every yi Y.

Remarks (2.10):

Every compact function is p.i.compact but
the converse is not true in general, every p.i.g-
compact function is p.i.compact but the
converse is not true in general and every g-
compact function is p.i.compact and p.i.g-
compact but the converse is not true in
general.

Example (2.11):

Letlr: (R, 7,)® (R,7,),wherelr (X)= X,
foral xI R .

To show that Ir is p.i.compact and p.i.g-
compact. Since 1.'({x})={x , for al xI R
and every finite set in every topologica space
is compact and g- compact.

But it is clear [0,1] is compact in usud
topology, while 1:}([0,]) =[0,] is not compact
in the discrete topology and hence it is not g-
compact.
Therefore I is neither compact nor g- compact
function

Theorem (2.12):
Let f :X®Y be g—closed function and
p.i.compact, then f isg -compact.

Proof:
Let K be g- compact subset of Y and

{u,}.,, bean open cover of f}(K), where
W is the index set. T be a family of al finite
subset of W set.U, =|JU,,, where tT T .Since
alt

f is p.i.compact, for every ki K, implies
f'({k})is compact set and contained in
U, ,where t1 T .HenceKT Y- f(X-U,).

So K1 J(Y- f(X-U,)).

aT
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But Y- f(X-U,) isg-open, then there exist

tyto,.. tal TSt Ki LnJ(Y- f(X-U,))
(since K is g-compact I) and so
fHK)I Lnj fY- f(X- U,))

=X~ £H(X-U,),

since f 1Y) =X

UG- (x-U,)

UUa !

=UUI‘ = {
i=1 ol Wy
where W, =t Et,E..Et,.
So f!(K) is compact in X. Therefore f is
g -compact function,

Theorem (2.13):
Every g- closed subset of g-compact space
is g- compact.

Proof:

Let K be a g- closed subset of g-compact
space X. Let {G,} ;,, be ag-open cover of K,
thet is, K1 |JG, . But X —K is g-open so,

ol W
X =(X-K)U(UG,). Since X is g- compact
ol W
then X =(X - K)U(UG,,).and

i=1

K1 (UG, ) ThereforeK is g- compact.

i=1

Remark (2.14):
Every finite set is g- compact.

Theorem (2.15):
A continuous function from g-compact
space into T, spaceis g- closed.

Proof:

Let F be a closed subset of X which is
g-compact, so X is compact. Then F is
compact in X.

Since f is continuous function, then f (F) is
compact in Y which is T, —space, then f (F) is
closed, soitisg-closedinY.

Therefore f is g-closed function.
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Theorem (2.16):

Let f :X® Y be g-compact function and A
isaclosed subset of X , then
f|A: A® Y isalso g- compact.

Proof:
Let K be a compact subset of Y, then

f1(K) is g- compact subset in X, but A is

closed in X, so Al f %K) is closed in

f 1(K). Henceitisg-closed in f *(K).
Therefore by theorem (2.13) Al f1(K) is

g-compact. But [ ,(K) = Al £1(K),

then f|A isg- compact.

Definition (2.17),[5]:
Let f :X® Y be a function and T be a

subset of Y ,we define f,:f (T)® T by:
f.(x) = f(x)foral xi f4T).

Theorem (2.18):
If f :X®Y is g-compact continuous
function and T is closed subset of Y, then

f.: f"(T)® T isaso g- compact.

Proof:
Let G be a compact subset of T, then it is

compact inY and so f*(G) is g-compact in X.
Since f'(T)is closed in X, then
f 4T 1 f3G)is closed in fG), which
implies it is g-closed, then by theorem
(213) M1 fYG) is g-compact. But
f4(G)= - YT) 1 f1(G); that f. is
g-compact.
Theorem (2.19):

Let f :X® Y be hijective function. Then

the g - continuous image of g-compact set is
g-compact.

is,

Proof:

Let K be a g- compact subset of X, and
{V.}.;.,be a g- open cover of f (K);that is,
f(K)=UV, .

ol W

So K= f1(Ky=f1Uv, = JFv,).

ol W ol W



Since f is g -continuous, then f-Y(V,) is
g-open set for al of \/\,510{1"1(\/05)}0!iW is a
g-open cover of K ,whichisg- compact , s0

K :0 £V, ) then

i=1

F(K) = F(U T4V, )=

i=1

U v,

=UV, -
i=1
Therefore f(K) is g-compact.

Theorem (2.20):
Let f; :X® Y and f, :Y® Z be functions

then

1. If f1 is g-compact and f, is g - compact,
then f,o f, isg " - compact.

2. If f1is g -compact and f, is g- compact, then
f,0 f, iscompact.

3. If fy is g-compact and f, is g - compact
then, f,of, isg -compact.

4.1f fy and f,isg" - compact, then f,o f, is
g -compact.

5. If f; is g-compact and f, is compact, then
f,o0 f, iSg- compact.

6. If 1 is compact and f, is g - compact, then
f,o0 f, isg compact.

7. 1f f,isg  -compact and f, is g — compact,
then f,o f, isg- compact.

Proofs.
llLet K be a g- compact subset of Z ,

then f,*(K)is compact subset of Y , s0

f ' (f,(K))is g-compact in X. But

f (1K) = Mo £ 1 (K) = (0 f)H(K) .

Therefore f,0f, is g - compact.

In the same way we can prove the others.

Theorem (2.21):

Letf, :X® Y and f, :Y ® Z be functions then

1. If gof is g- compact and f is surjective
g -continuous function , then g is
g- compact.

2. If gof isg-compact and g is one to one
g:*-continuous function , then f is
g - compact.

3. If gof isg -compact and g is one to one
g:-continuous function , then f is
g - compact.
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Proofs:
llLet M be a compact subset of Z, then

(go f)*(M)is g-compact in X, S0

f(go f)*(M)isg-compact in Y. also
f(gof) (M)=f(frogH(M)=

f(f g (M)=g*(M).

Therefore g is g- compact.

2. Let M be g- compact subset of Y, then
by theorem (2.19) we obtan g(M)is
g-compact in Z.

Hence(go f) *(g(M)) is compact in X. But

(go f)H(g(M)=(ftog*)(g(M))=

fH g (g(M)=fH(M).
Thereforef isg'- compact.
In the same way we can prove (3).

Theorem (2.22):
If A is a closed subset of a space X, then
the inclusion function of A isg -compact.

Proof:
Let i: A® X be an inclusion function and
let K be a g-compact subset of X.

Since i '(K)=AlKisclosedinK , soitis

g- closed. Hence Al K is g -compact that is,
i"*(K) is g-compact.

Theorem (2.23):

Let f:X® Y be a homeomorphism then
if K is ag-compact subset of X so f (K) isaso
g-compact.

Proof:

Let {V,},. beag-open cover of f (K) and
let F be closed subset of f*(v, ), for some
ool L, f(F)1 V, which is g-open set. Then
f(F)T V2,50 Fi f3(Vo)=(fYV,)°.

So f(V,)isag-openset, but K=Jf*(V,)

ol L

0 K :[nJ f4(V,, ), implies
f(K):f(_U I\ )):_U ffH(V,, ) =

Therefore f(K) isg-compact set.

Theorem (2.24).
Letf:X,®Y,
functions, then if

n
uv, .
i=1

and f,:X,®Y, be
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f,” f,:X,” X,®Y," Y, is g-compact then,
f, and f, are dso g*- compact.

Proof: .

To prove f; isg - compact.

Let K be g- compact subset of Y, , also
{y2} is a g-compact subset of Y, ,where
Yol Y.

But K’ {y,} €K (by theorem 2.23), which is

g-compact.

(f," £, (K" {ys})

X, X,, but

(f," )UK {yHD=(f4" )K" {y,})
=(f,7(K) £ {yah)-

Hence f, %(K) is compact subset of Xj,

therefore f; isg - compact.

In the same way, we can provef; is
g -compact.

is compact subset of
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