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Abstract

In this paper we introduce numerical methods for solving linear Fredholm-Volterra integra
equations of the second kind. The main idea is based on the corrected trapezoidal and Simpson’s
1/3 quadrature formulas. These techniques are very effective. Numerical results are illustrated by

different examples.

1-Introduction

Many problems in mathematical physics,
theory of elasticity, viscodynamics fluid and
mixed problems of mechanics of continuous
media reduce to integra equations of the
second kind.

The books edited by Linz [1] and Kanwal
[2] contain some different methods to solve
the integral equations analytically. Numerical
methods also take an important place in
solving the integral  equations (see
[11.[3].[4].[5].[6]).

The literatures of Fredholm-Volterra
integral  equations contain few numerical
methods. The commonly used methods are the
projection method, time collocation method
[7], [8], Nystrum method [9],[10], the
Adomian decomposition method [11] and
Taylor expansion method [12]. A corrected
trapezoidal approach for solving Fredholm and
Volterra integral equations has been presented
by Nadjafi and Heidari [13] and then this has
been extended by Majeed to system Fredholm
and Volterra integral equation [14]. In this
work, we present the repeated corrected
trapezoidal formula and the repeated corrected
Simpson’s 1/3 formula to solve the linear
Fredholm-Volterra integral equation of second
kind given by:

b X
u(x) =f (x)+1 ¢k(x, y)u(y)dy +mgk* (x, y)u(y)dy

where a£ x£Db, | and mare rea numbers,
f(x), k(x, y) and k*(X, y), are given continuous
functions and u is the unknown function to be
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determined. To do this we assume the
functionsTkCwy) k() K (xy) K (x.y)
x

Ty x Ty
and f€x) must exist.

2-The Repeated Corrected Trapezoidal
Method for Solving Equation (1.1)
Recal that the repeated corrected
trapezoidal formula for finding definite

integral pr(x)dx is
; h 1 h
a(‘j(x)dx =Ef(a) + hja:_lf (%) +Ef(b) +

h? (b- a)h* _ (a
E[fc)(a)- f¢b)] - Tf (x),a<x<b.

where f is a continuous function defined on the
closed interval [a,b], X, =a+ih, i=0, 1, ..., n,
h=(b-a)/nand n is the number of
subintervals of the interval [a,b].

Next, To solve the linear Fredholm-
Volterra integral equation of second kind
given by equation (1.1) on the finite interva
[a, b], we divide the interval [ab] into n
smaler intervals of width h, where h = (b -
a)/n. The i-th point of subdivision is denoted
by x; such thatx; =a+ih,i=0,1,...,n. Let u;
denote the numerical solution of equation (1.1)
a eachx;. Then, we substitute x=x;,

i =0,1,...,n into equation (1.1) to get
(k) =1, + KO YUy +



Xi

Q k* (x;,y)u(y)dy,i=01...,n.

where f, =f(x;),i=0,1...,n.

If we approximate the integrals that
appeared in equation (2.2) by the repeated
corrected trapezoidal formula which will yield
the following system of (n+1) equation:

ah he, 6 %!
Ug =fog+c—kgog+—JyotUp +hQq kg iu; +
0=To §2 00* 75 O'OEO ja:1 0,jYj

2

h 6 . h
_‘]O,nun zUp +E(k0,0ug' kO,nusF)'

an
LIS
g2 on " 1 0%

ah + ). h? . \0
u; =f +§§(ki,o+ki,o)+E(3i,o+3i,o)iuo+

2

e

* 2 * 6
hki,i + h

i-1

[o] * h
ha (ki,j +ki,,-)u,- * >

j=1

2

9 &
h_Ji,n gun +%((ki,0 +

127"

n-1
o} &
h a k,’JuJ + _ki,n -
T
k?,O)UG' k?,i ug- ki,nuﬁ), i=12..,n-1
and

ah . h? « \0
up =fq +8E(kn,0 +kno ) +E(Jn,0 +‘]n,0)iu0 +

2

ah

hrj]ai.ll(kn,j * k;,j)uj +8§(kn,n * k;,n) -

0, b v
gun +E((kn,0 + I(n,O) ug-

h? R
E(Jn,n + ‘]n,n)

(kn‘n + k;‘n)uﬁ). ............................... (2.3)

_TK (x1,Y)
y

Y=Yj

where K'; ; =k (x;,x;), 35

_ K (xi,y)
iy y=y]
The above system of equations consists of

(n+1) equations with (2n+2) unknowns
namely, u; and U’ , i=0,1,...,n.

ki,j :k(Xi,Xj), ‘]i,j

,i,j=01,...,n
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Next, we must find ugi =0, K,n. To do

this, we must differentiate equation (1.1) with
respect to x to get:

) =1 ) + &) HOxy)u(y) ay +
Q H* (y)uy)ay +k* (x30u(0).

............................. (2.9)
WhefeH(X,y) = ﬂk(xiy) , H* (X,y) = T[k* (X’y)
T X
By evauating equation (24) a x=x,

i=0,1..,n, One can get

) =) + ¢y O Y)u(y) dy +

Q' H (U dy +k* (65, x)u(x),

Next, to solve equation (2.5), one must
consider four cases:

Case (1):
12K(x.y)
If L(x,y) = ——22 and
xy) Ty
20 %
U (xy) =T K Y) - evigt In this case, we
XMy

approximate the integrals that appeared in
€q(2.5) by the repeated corrected trapezoidal
formula one can get the following system of
equations :
rgl
+ ha HO,jUj +
j=1

2

& h o]
ug=f¢+¢c-Hpo+-—L
g=1¢ §2 00*5Loo

lo
7]
h2

—L gu +h—2(H ug- H uﬂ:)
12 O,ngn 12 0,0 0,n ’

?EHO,n -

UF:fi‘“g%(Hi,o + Hr,o)+2—2(|-i,o + '—?,o)guo +
2
i-1

o * * h
ha (Hi,j +Hi,j)uj +? i *hHj+
=1

5 Hii -

h o % h

hiizuitha Hijuj+=Hiaun
=i+l

h? R R

E((Hi,oJin,o)U@' H; - Hi,nuﬂf)’

i=12..,n-1

and
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ufy =fr¢+gg(Hn,0 + H;,o) +2_Z(Ln0 + L*n,O)

)_

5
Up t
7]
n-1
o * ﬂ] *
ha (Hn,j + Hn,j)ui +(é‘E(Hn,n +Hpn
=
h2

ET) Ln,n)"'kn,niun"'

(Ln,n +

et i)

where Hij =H(x;,y)).H j =H (x;,y)),

_TH*(x,y)

_ _12k* (x,y)
1] - ﬂy -

Ty

L*

X=X
Y=Yj

_ Tk(xy)|
Ty

_TH(X,y)
Nty |

4,j=01,...,n.
X=Xj

|X:Xi
=Yj Y=Y

Y=y
The system which consists of equation

(2.3) and equation (2.6) can be solved to find
the unknowns {u;}{L, by any suitable method.

Case (2):
2
If L(x,y):w, dose not exists and
Ty
* 12k * (x,y)

L (x,y)= Ty exigts. In this case, we

approximate the first integral and the second
integral that appeared in eq.(2,5) by the
repeated trapezoidal formula and repeated
corrected trapezoidal formula respectively, to
get the following system:
h n-1
Uﬁzf&JfE(Ho,oUo +2Q Hojuj +HonUn ),
=1
2 .6
n LioiUo+
2

ah

Uf]::fi¢+ gz Hi,O + h

2

H -
10710

h

i1
o * * *
ha (Hi,j +Hi,j)uj +§(i,i FhH;+ S H -

I
n-1
o h
a Hijy; +EHi,nun
=i+l

2 6
h—Li,iiUi+h
12 p

+
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h? [, .o
E(Hi,OUG' Hi,iU.¢), i=12..,n-1,
and
&h x 2., 0
uf :f,¢+§§(Hn’0+Hn’0)- " Uosuot
2

n-1

[o] * ﬂ] h *
hjazl(Hn,j +Hn,j)uj +(é‘EHn,n +§Hn,n -
h? « « 0 h2/. .
ELn,n +Knn gun +E(Hn,OU8' Hnj u|¢)

The system which consists of equation
(2.3) and equation (2.7) can be solved to find

the unknowns {u;}{L; by any suitable method.

Case (3):
72k(x,Y)
xTy

If L(x,y) = exists and

* 2y %
e 1KY gose not exists. In this
) Ty

case, we approximate the first integral and the
second integral that appeared in eq.(2,5) by
the repeated corrected trapezoidal formulaand
repeated trapezoidal formula respectively, to
get the following system:

n-1
us :f§+g((Ho,o +Loo)Up +28 Hojuj +
j=1
2
(HO,n - LO,nun)un)"'?__z(HO,Ou@' HO,nuﬁ)*

2

12

5
Liozup+
@

h

2Hi,0'

&
ug="f;t+ gEHi'O +

i-1
o * * h * 0
ha (Hi,j +Hi,j)uj +okij +hH + S H; S+
=1 & 2 g

n-1 2 &
o &h h 0
ha Hijuj+e-Hin- —Liniun+
2 .
E(Hi,oug- HinUf),i=12,...n- 1

and



ha (Hnj +Hj J)uj +§%(Hn n*tHn n)
=1
ELnn KnnUn + (Hn,0u8 Hp nuﬁ)

The system consists of equation (2.3) and
equation (2.8) can be solved to find the

unknowns {u;}'L by any suitable method.

i=0
Case (4):

2 2

19k(x,y) * 19k* (x,y)

If L(x,y)=——=% and L _ 2wy
&) Ty (x.y) Ty

do not exigt. In this case, we approximate the
integrals that appeared in eq.(2.5) by the

repeated trapezoidal formula one can get the
following system of equations:

h 'S
ug :f&"'E(HO,OUO +2a Ho,juj + Hoynun),
=1

h )
UF:fi¢+5(Hi,o+Hi,o)Uo+
i(Sl * h * 0
ha (Hi j+Hi j)uj +OPH, D HE +k Sy +
A g

h
ha H,Juj+2H,nn,|—L2, Ln-1
j=i+l

and

ufy =fr¢+g(Hn,O + H;,o)uo +

The system consists of equation (2.3) and
equation (2.9) can be solved to find the

unknowns {u;}{L, by any suitable method.
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3-The Repeated Corrected Simpson’s 1/3
Method for Solving Equation (1.1)
Recal that, the repeated corrected
Simpson’s 1/3 formula for finding the definite

integral (‘ff (x)dx is

b nl
d(x)dx —1(71‘ (a)+16a f(Xa;. 1)+14a f(x2;)

=1 =1

" rea - (b- ah° (5
+7f(b))+15(ft(a) f b)) - oo 0
............................ (3.1

Next, To solve the linear Fredholm-
Volterra integral equation of second kind
given by equation (1.1) on the finite interva
[a b], we divide the interval into 2n smaller
intervals of width h, where h = (b - a/m,
where m=2n. The solution of eq.(1.1) at the
even nods (Xz) is given by:

k) =1 () + KO Y)u() +

Q" K (.U, 101K,

and at the odd nods (x2i+1) iS given by:
b
U(Xzi41) =F (Xgi40) * Q k(X241 Y)U(y) +

\X i+1, * .
2K (Xgisg y)U(Y)dy, i =0LK, n- 1.

By using the repeated corrected Simpson's
1/3 formula to approximate the integrals that

appeared in equations (3.2)-(3.3) one can get
the following system:

ay 2 9 hol
Up =fo+g—Koo+t—-Jooilot+ a Ko,2jUzj +
§15 00" 157007 ol
16h & &h h? 0
k u +c—Kk - —Jyon TUsn +
15 ¢ a 0,2j-1Y2j-1 §15 020" 7z o,2nEJ 2n

h2
E(ko,ouﬁ - ko2nUn),



: h s
§Ek2i,2n - EJZi,Zn f}uzn +E((k2i,0 +k 2i,o)U$

- K i 5Ug; - k2i,2nu§n)v i=L2K,n-1],

&
Ugisg =Fojeq + S5 (k2|+10 + I<2|+10)
2

( 0
15

Joi+10 +y +10)—Uo
P

16h d

= (k2i+1,2]-1 + k2i+1,2j-l) Upj.1+

(k2i+L2j + k;i+l2j)u21 *
=1
h? 0
6rs (14k2+l2|4—7ka+12|)+2§532+L2|ﬂU2
5

0 h
2| +1,2i+1 Ui +
9

§E 6k2'+]"2'+1+7k2'+12'+15 o
n

o]
A Kkai+,2j-142j-1+
j=i+2

14h %

16h
- a K2i+1,2j-1U2j-1+ - 15
] zi+l

agh, h2
§15 2207 g

5
= J2i+1,2n TU2n +
2
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a7 h? h« _h2, O h? h?
up=fi + (é—klo * 1500 +§k 10+ 5d103Uo* 5 (k2|+10 k2|+1o)U@+—ok2|+J,2| ug; -
)
2 2
&6h . h? . an % h_k;i+12i+lug'|+1' h_k2i+12nu§n’
g_kl'l k 11° —J lliul a k12ju2j 12 ’ 15 ’
127" 155 i=1,2K,n-1,
. 2 e
16h & & h2, 0 _&h « ). h? Lo
X a Ky.2j-1U2j-1 gﬁkl’zn - Tohen Uz + 2n §15(k2n,0 +k2n,0) T (Jzn,o +32n,0)guo +
@
2 16h & .
2—5(k1,0u@- kl,znu‘fn)"’%(k 10U§- k 1,1Uf')y 15 a (k2”'21'1+ kznvzj'l)u21'1+
=1
&rh * h2 * 0 n-1
i =foi +¢—(koi 0 +Kai 0| +—{Jni 0 +Joi 0 | TUo + 14h o *
uzi =Tz §15( 2,0 2|,o) 15( 2i,0 2|,o)zuo Ea (an’Zj +|<2n’2j)u2j +
. j=1
16h o ( . » .
23 (ki 21 +K5i 21 )u L+ ag7h h .\
15 =1 2i.2)-1°7 "22)-1)72)- 1 ng(an 2n I(2n 2n) 15 (J2n,2n +J2n,2n)iu2n +
= 2
14h ‘s . h? .
e (kZi,Zj +Koi 9 ) Up; + 1 ((an 0 +Kan o) ug - (k2n,2n + k2n,2n)U§n)-
=
&h : 2.0 34
§E(14k2i,2i +7k2i,2i)' 5222t (34
. 2 The above system of equations consists of
16h 14h "5 (m+1) equations with (2m+2) unknowns
— k Upiq + Koi oilsi +
ﬁjqﬁ2”‘1”1 5J?ﬁ2w1a namely, u, anduti =0,1K,2n.
& h2 5 2 To findui=01K,2n, one must

differentiate equation (1.1) with respect to x to
get equation (2.4). By evauating equation
(2.4) at the even nods (X»i), one can get:
b
ugxy) =fExy) + Q H(x2i, y)u(y) +
\X (I *
Q' H (xa Muydy +K (xz.xz),

I =0,L K, N i (3.5
and at the odd nods (Xzi+1) , One can get :

b
UEX9i41) =T &X5i41) + Q H(X 2141, Y)u(y) +

\x2i+1 * *
H (X214, Y)U(Y)DY + K (X941, X2i41)»

i=0,LK,N-1 oo, (3.6)

Next, to solve equations (3.5)-(3.6), one
must consider four cases:
Case(1):
2
17k* (x,y)
If L(x,y)= LI Ub 2}
(xy) (x,y) Ty
exist, In this case, we approximate the
integrals that appeared in equations (3.5)-(3.6)
with repeated corrected Simpson’s 1/3 formula

2 *
X1
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which will yield the following system of 14h 51 .
equations: E (H2i+1,2j +H 2i+1,2j)u2j +
ug=fg+ Hoot+—=Lggzu s
6=t¢ §15 00 "5 Ooﬂo aa_4hH J2h e h?e 0
§15 2i+12i + 30 22 Tey a2 Uy +
16h & 14h'8* B
15 ¢ a Ho,2j- 1U2}- 1+ a. Ho,2juzj + & 16h h
=1 g 241241 * o Moz 2H2|+12|+1
27h h? 6 p? 2 5 N1
H -—L Usn +—(Hg gu® Hp onu he « 0 14h o
§15 020" 75 -02nZtan 15 (Hoot® Hozntén). 1o hanzin izt o A Haingjlzj*
f ﬁ ®h h2 h2 5 (%) j=i+l
u :f + _Hl,0+ Ll10+_H lO+_LlO_u0+ 16h @h
§15 15 2 1275 15 a Hoi+1,2j-1U2j-1 8EH2i+1,2n'
@, 16h h+ h>. 0 Stz
§k ntg Huty i plustht h2 0 h? .
2 15 bai+an Uan +E(4(H2i+l0 + H2i+lo)U8+
14h RSSO ) g
a 12j 21 15 a‘2 12j-172j-1 H2i+:|,2i u% - 5H2i+],2i+1u%+1' 4H2i+],2nu§n)’
, i=12K,n-1,
o o S+ (Hy 08 -
§15 e gs A 20 T 75\ ugy =4, +8 (H2n0+H2n0)
Hy o US )+h_2(H* ug- H' uf_c) h? « \0  16hg
12080 )+ {H 10 12U, E(|_2n’0+|_2n’0)3u0+—a (H2n,2j-1+
. 2 j=1
aFh . h2 . 0 i
ug =14 +gE(H2i,O+H2i,0)+E(L2i,O+L2i,O)iUO+ 01 .
i e Han 2j- 1)”21 TS a (H2n,2j +H2n,2j)u2j +
16h [¢} * 1
——a (H2i,2j-l+H2i,2j-l)u2j-1+
15 =1 & 7h
_J_ 8 2n,2n +E(HZn 2n+H2n 2n)
14h I61(H +H. )u + 2 o h2
= 2i,2j ¥ F2i 2j | Uz * :
155 E(LZn,Zn +'—2n,2n):U2n +E((H2n,o +
®, h . h> . © . e .
[é;k 21,2 +E(14H2i,2i +7H 2i,2i)' 522 guzi + H2n’0)u$- (H2n,2n +H2n’2n)u§n) :
n-1
16h § 14h 3L (3.7)
15 a Hai 2j-1U2j-1t—— 15 a. H2i,2]u21 + ; ;
j=i+1 =i+l The system consists of equation (3.4) and
&h h2 5 h2 . equation (3.7) can be solved to find the
T TR +E((H2iv0 +H20)U6  unknowns {u} &, by any suitable methods,
- H UG - H2i’2nu§n), i=1,2K,n- 1 Case (2):
2
k(x,y) ;
ah * If L(x, :ﬂ—, dose not exists and
U%+1:f£+1+8E(Hzi+L0+H 2i+2L0)+ (x.y) xfy
s * 2 * - .
h2 0 L (x y):M exists, In this case, we
15 ('—2|+],o +Ly +10)—U0 : TxTy
a appro_ximate the first integr_al that appeared in
16h d . equations (3.5)-(3.6) with the repeated
15 a (H2i+1,21'-1+H 2i+1,21'-1)“21'-1+ Simpson’s 1/3 formula and approximate the

J=1 second integral that appeared in equations
(3.5)-(3.6) with the repeated corrected
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Simpson’s 1/3 formula. Therefore, we obtain

the following system'

h
U$=f<9:+§Ho,oUo a Ho,j-1U2j-1 +
j=1

2h ‘s h
—a H021U21+3H02n1
=1
h? » 0

h
ug= f1¢+§—HLO+ H 10+EL 103Uo +
7

@,  4h h ~ h%« ©
K+ —Hpy+=Hq- —Lqgzup +
g nryi s T 1151

2h 5t

4h

>3 da Hy 2jUz; +—a Hy2j 1Upj.1 +
=1 j=2

DH u +h—2(H* ug- H u@‘)

3 MLantn +5{H 10 1148/,

ug =f4 +

2, o)
+—LjgtUg+
15 2|,OEO

16h o)
8?H2i,2j-l 5 Hy 2j- 1BUZJ 1t

7h
H
15 2i,0

14h  « 0
AT 21,2 $U2] +

h2 . O
15

2h
3

7h*

H2| 2| 15

2i,2i T

2h 51

n

o

a H2i,2j-1u2j-1+? a Haiojugjt+

j=i j=i+l

DH- u +h—2(H*- ug- H 5, -ug)

3 2i,2nY2n 12 2i,2i 2i,2iY2 |»
i=12,..,n-1

Ug g =4+
&h 7h, « h> . 0
“Hoiiint—H 5010 +—L 5i.105Un +
§3 2i+10 e 2410 T g 2|+:L0§0

16h 0
H2|+12] 1+EH 2i+1,2j- 1—u21 1t

" Qjo-.

'u

14h 0
+H 20412 BUZj +

- Qyor

'u

Hais1,2) 5

i
(¢ 9] (¢ 9]
o |® w|3_;%

h 29h h2 0

?H2i+L2|+¥H 2i+1,2i t 0 L 2i+12i

3

TUp +
ﬂ
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* *
g?( 2i+1,2i+1+?H2i+1,2i+1+EH 2i+1,2i+1 "

h2 . 0 2h Bt

EL 2tz EUziaa /- @ Hais2jUzj +
a j=i+l

4h h

? a. H2|+12] 1Ugj-1 t 3H2|+12nu2n

j=i+2

h2

60 (4H 2|+:LOU8 +H 2|+12|UE'

4H 2i+1,2i+1U§'|+1)v i=12K,n-1,

and
ug, =f4, +

ah 7h » h? 0

—Honot--Honot--L onoilo *

§3 15 15 P

n

o azh 16h o]

a 8?H2n,21-1+ 15 H o0 2j-1Uj.1t

=1

n-1

o “a?h 14h 0

a 8?H2n,21 15 ZoH Y, 2 —Uzj

7h

* h *
? 2n,2n +§H2n,2n +EH 2n,2n ~

* 0 h2 * *
L 2n,2n $U2n +E(H 2n,0uf - H 2n,2nU§n)-

15 p

The system consists of equation (3.4) and
equation (3.8) can be solved to find the

unknowns {ui}izzn0 by any suitable method.
Case (3):

2
If L(x,y):M exists and
xqy
x 12k* (x,y)
L - ——=% dose not exists, In this
(x.y) Ty

case, we approximate the first integral that
appeared in equations (3.5)-(3.6) with the
repeated corrected Simpson’s 1/3 formula and
approximate the second integral that appeared
in equations (3.5)-(3.6) with the repeated
Simpson’s 1/3 formula. Therefore, we obtain
the following system:



f H —th 0
ug =14+ + +U
G=1§ §15 00+ ¢ oogo

16h & 14h'5*
15 © a. HOZJ i 2j- 1+ a HOZJUZJ
1-1

&7h h? 0 n2

—H - —Lgont+t—(Hgou¢ Hgonudy |,
§15 020" ¢ o,2n7a 15( 00 0,20U%h )

h? h,« ©
Uf fﬁ'f‘ H10+ Ll,O +—H 1’0iU0+
§15 2 p
. 16h h 14h 51
g?( 11 EHLN 2H 1,1—U1 a Hyojup;j +
=1
16h 3 L&h h? 0

15

a Hy2j-1U2j-1 §E Hion - 7o HiontUon +

o
~—(Hi0ug- Hionusy ),

h? h » ©
+—Loing+—H 5 ntUn +
15 2i,0 3 2|,OE 0

aéGh 4h | « 0
?H 2i2j-1+Ugj-1 t
P

o~ &d4h 2h « s)
815 Hai oj ?H 2i 2 BUZj +

* 14h h, « o)
& 2i 2i +EH2i,2i +§H 2i,2i BUZi +

16h § 14h &t
15 a Hoi 2j-1Upj- 1 t—— 5 a Hoi ojugj +
j=i+l j=i+l

Eh h? o0
§15 2i2n” 78 2|,2n$ 2n

h2
15 (H2| OUG Hoi 2nu§n)

Ugivg =fu +
&7h h o« h2 6

—Ho- +—H - +—Lo +Up +
§15 2i+1,0 T3 2410 T 2|+1050

=12,K,n-1,

ad6h 4h 0
—H, +—H sUpi g +
815 2i+1,2j-1 3 2i+1,2j- 1g 2j-1

ad4h 2h 0
815 H2|+:L2] ?H 2i+12j —UZJ
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ad4h 5h o)
$T5 Hoi412i +€H 2i+1,2i Buz'

* 16h h
? |+1,2|+1+EH2|+12|+1+ 2H 2|+12|+1—u2|+1+

n
1f5h a Haiuq 2jUzj + 1165h é Hojsg0j-1Upj-1 +
j=i+l j=i+2
L |
§15 2i+2n " 7o 2|+:L2nz 2n
h? .
15(H2|+10UE‘} H2|+LGu§n) i=L2K,n-1,

and
&7h h « h? 0
=4 + o Hom o +—H +—Lon g2l +
6 =14, gls 2no o H no* o 2”’050

n
o ad6h 4h  + o)

H +—H iq=Uoi 1+
a 815 2n,2j-1% 3 H an2j-122)1

'S 5é.4h 2h  « o)

H +—H i=Uo; +
ja 815 2n2j T 2n,21ﬁ 2j
gf(*Zn,Zn +I_2H2n,2n +%H*2n,2n -

h? 0 h?
15 b2n2n T2 +E(H2n,0u$' Han,2nU8n)-
o

The system consists of equation (3.4) and
equation (3.9) can be solved to find the

unknowns {uj}2, by any suitable method.

Case (4):
2
If L(x,y):%%;y) and
2 *
L x, )_M do not exigt. In this case,

we approximate the integral that appeared in
equations (3.5)-(3.6) with the repeated
Simpson’s 1/3 formula which will yield the
following system of equations:

h 4h
ug=fg+— HooUo+—a Ho,2j-1U2j-1 +
=

2h'S h
—a Ho2jUzj t— 3 Ho,2nU2n
=
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ah h « ¢ ath
ug=ff+ <3 Hio +EH 10:Uo + 8? Hyg +

h o) 2h 'S
Ky +-H 11—U1+—a Hyiojupj +
2 7] =1

4h & h
—a Hy 2j-1U2j- 1+3H12nun’
=2

h .
ug =f4§ +§(Hzi,o +H 2i,o)Uo +

4_ho

(H2| 2j- 1+H 2j- 1)U21 1t

* * o)
(é‘§(4H2i,2i +H 2i,2i)+k 2i 2i 2Ugj +
7

4h & 2h Bt
? a. Hyi 2j-1U2j- 1+? a Hyi 2]u21
j=i+1 j=i+l

h

—Hai 2nUan, (i

3 =12,K,n- 1),

h *
ug; 41 :f£+l+§(H2i+:LO +H 2i+:|_,0)u0 +

4h o

?a (H2|+121 1HH 20+1,2j- 1)“21 1t
=1

2h 5

?a (H2|+121 +H 2|+12])u21

=

0
8 H2|+12| +5 H 2i+1,2i —u2|

3
83?H2|+12|+1+ >

o,
H' 2i+12i+1+t
%}

o
a Hai1oj-1Upj1 t
j=i+2

*
k 2i+1,2i+1) Ugi+1 +—

2h 'S h
3 a Hais 2jUzj + 5 Haisg anlizn . 1 =12K.n- 1

j=i+l

and

h *
ug, =f4, +§(H2n,o +H 2n,o)uo +

4h &
a

=1

3 (H2n211+H2n21 1)“2]1"’
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14h % * s
15 A (H2n,2j +H 2n,2j)u2j +
=
ah * * o)
SE(HZn,Zn +H 2n,2n) +k 2n,2n +Uzp-
%]
........................... (3.10)

The system consists of equation (3.4) and
equation (3. 10) can be solved to find the

unknowns {u,} by any suitable method.

4-Numerical Examples

In this section, we give the following
examples to clarify the accuracy of the
presented methods and compare these methods
with other methods such as the repeated
trapezoid, and the repeated Simpson methods.
The results in Tables 1 -2 show the absolute
errors |u(xj)- uj|, i=01K,n.where u(x;) is the
exact solution evaluated at x=x; and u; is the
corresponding approximated solution. All the
results are computed by using some programs
written in the Matlab Package.

Example 1.
Consider the

integral equation

linear Fredholm-Volterra

u(x) =2cosx - Xxcos2- 2xsin2+x- 1+
2 X

Ovu(y)dy + cyx - y)u(y)dy, O£ x £2
0 0

with the exact solution u(x) = cos(x).

Approximated solutions of this example
are obtained by using the repeated trapezoid
method(TM) and the repeated Simpson's 1/3
method (SM) in [10].

Comparison between the approximated
solutions of this equation obtained by using
the repeated trapezoid method (TM), the
repeated Simpson's 1/3 method (SM), the
repeated corrected trapezoid method (CTM)
and the repeated corrected Simpson's 1/3
method (CSM) for h =0.2, 0.1 are presented in
Table (1).
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Table (1)
The Absolute Errors at some mesh points of Example 1.
" h=0.2 h=0.1
™ SM CTM CsSMm ™ SM CTM CSM
0 0 0 0 0 0 0 0 0
0.2 | 336697 10* | 8.35541 10°° | 1.19336 10" | 3.22717 10°® | 8.52287 10°° | 2.03106 10°° | 7.63262 10°° | 5.47517 10°°
0.4] 81736310 3.06842 10*] 5.05230 10 " | 3.35273 10’ | 2.06533 10* | 4.09493 10° | 3.19126' 10° | 1.10288 10°°
0.6 | 145337 10° | 1.08547 10'* | 1.15741 10° | 3.00188 10" | 3.66811 10°* | 6.18788 10°° | 7.28305 10°° | 1.66532 10°°
0.8 | 225741 10° | 6.32625 10* | 2.07648 10° | 6.89157 10 ' | 5.69301 10°* | 8.31273 10°° | 1.30432 10°' | 2.23581" 10°°
1 | 324451 10°° | 1.91537 10°* | 3.26497 10°° | 4.86213 107 | 8.17835 10°* | 1.04822 10 | 2.04886 10’ | 2.81802 10°®
12| 443334 10° | 9.79100 10 * | 4.72880 10°° | 1.06475 10° | 1.11717 103 | 1.27223 10* | 2.96570' 10 " | 3.41918 10°°
14 584776 103 | 9.06532 10° | 6.47921 10°° | 4.28249 10" | 1.47338 103 | 1.50760 10°* | 4.06199 10’ | 4.05103 10°®
16| 7.51871° 10° | 1.36428 10°° | 8.53504 10°° | 1.48290° 10°° | 1.89433 1073 | 1.76063 10°* | 5.34963 10 ' | 4.73082 10°°
1.8 | 9.48653 10°° | 2.64724 10* | 1.09256 10> | 4.01451 10°° | 2.39027 10°3 | 2.04007 10*| 6.84711 10’ | 5.48226" 10°°
2 | 118036 102 | 1.83138 10°% | 1.36940 10 | 1.99187 10°° | 2.97449 10°° | 2.35749 10* | 8.58151" 10’ | 6.33666 10°°
Exa'&ns I: 2sliecond example, we consider the . Table(_2) indica@&s the absolute errors _to
following integral equation this equation by u|smg the repeated trapezoid,
repeated Simpson's 1/3, repeated corrected
53 23 trapezoid and the repeated corrected Simpson's
u(x) =x* +4x3+5x2 + X Txe 41 1/3 methods for h = 0.1, 0.05.
L § thatF:ﬁm Tablef e((jl) a:‘;i a(12) it cztnhbg sh(_)wn
e Ccorrec uadrature methods given
(‘szy +x)u(y)dy + (\)(e(x_ Du(y)dy, 0£x £1 more accurate resultgthan quadrature metﬁods
0 0 Also, the corrected trapezoidal method is more
with the exact solution is u(x) = x*+1. accurate than Simpson's 1/3 method.
Table (2)
The Absolute Errors at some mesh points of Example 2.
X h=0.1 h=0.05
™ SM CTM CSM ™ SM CT™M CSM
0 0 0 0 0 0 0 0 0
0.1 1.72087 102 | 558420 10°* | 1.64349 10° | 2.18185 107 | 5.63706 10> | 6.99002 10°° | 1.02063 10 ' | 6.41099 10" °
0.2 372816 102 | 1.23575 103 | 355711 10° | 539719 107 | 1.22136 102 | 1.51592 10°* | 2.20900 10" | 1.38917 10°8
0.3] 6.09835 102 | 1.96677 103 | 5.81056" 10° | 8.18560' 107 | 1.99812 1072 | 2.48181 10°* | 3.60841 10 ' | 2.27221" 10°®
0.4 | 8.93642 102 | 2.96650° 10°° | 8.50088 10°° | 1.20330 10°® | 2.92847 102 | 3.63907 10°* | 5.27910' 10" | 3.32909" 10°®
05| 1.23860° 10 | 4.00087 103 | 1.17619 10°° | 1.72618 10°° | 4.05951 102 | 5.04561 10°* | 7.30418 10 ' | 4.61341 10°8
0.6 1.66438 10 | 552743 103 | 1.57778 10° | 2.40800 10°° | 5.45574 102 | 6.78078 10°* | 9.79802 10 ' | 6.19873 108
0.7] 219798 10 | 7.13906 103 | 2.08021" 107 | 3.13502 10°° | 7.20561 107 | 8.95363 10°* | 1.29181 10° | 8.18615 10°®
0.8 2.87664 101 | 9.54889 10°° | 2.71847 10 | 4.16196 10°® | 9.43101" 102 | 1.17146 103 | 1.68817 10° | 1.07150 107
09| 375192 10 | 1.22664 102 | 3.54108 10° | 5.423097 10°° | 1.23007 10! | 1.52722 103 | 2.19900 10°° | 1.39782" 10°’
1 | 489565 10°* | 1.62343 102 | 4.61559 10° | 7.08502 10°® [ 1.60495 10°* | 1.99170 1073 | 2.86627 10° | 1.82442 107

203
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5-Conclusions and Recommendations

We introduced simple two methods with
high accuracy for solving second kind linear
Fredhom-Volterra integra equations. So it
may be easily applied by researchers and
engineers. In these methods we note that, in
case one we obtain system solve eq(1.1) more
accurately than systems that we obtain in other
cases . Because in case one we use repeated
corrected quadrature formulas to approximate
each integra in eq(2.4) instead of repeated
guadrature formulas. These methods will be
developed by authors for solving system of
Fredhom - Volterra integra and integro -
differential equations.
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