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Abstract
In this paper we present fuzzy number and some of its properties it .Also, we define a new

fuzzy metric D(&, B) of fuzzy numbers and discuss some of its algebraic operation of it . We prove
some results to study the contraction mapping theorem of fuzzy numbers using modified approach
depending on the definition of function distance between fuzzy numbers.

Introduction _ 1.D(4,B) 3 0and D(4&,B) = 0if and only if
Dubois D. and Prade H. in 1978 8=

introduced the notions of fuzzy numbers and by = Db
define its basic properties and algebraic 2.D(a,b) =D(b, a).

operations [1].The researchers Goetschel R., 3.When for every & 1 F(R), then
Kaufmann A., Gupta M. and Zhang G. [2-4] D(4,b)£D(4,t) +D(k, B).
have done much work about fuzzy numbers. If D is a fuzzy distance of fuzzy numbers,

Let R be the set of al rea numbers_and we call (I_:(R) , D) a fuzzy metric space ,and
F*(R) be the set of al fuzzy subsets defined we defined

on R .G. Zhang [4-6] defined the fuzzy

number & T F*(R), asfollows: D(&, b) = Sup max{|qj - by |, |a|+ - a|+|}

17701
(1) & is norma, i.e, there exigs a unique for every &, b1 F(R).
I R,suchthat &(x)=1.
X S A ) Remark (1.1):
(2) Foreveryl 1 (0, 1), & ={x]&(x)*1} D(4,B) represents the distance between
is aclosed interval, denoted by [a) ,a"]. two fuzzy sets, which may be denoted aso by:
_ - - + +
Now, let us denote the set of al fuzzy D(&,b) = |TS[uop1] max{|ay - byl la - b [}

numbers defined by G. Zhang as F(R). - sup maq S Inf K - V]

In this paper, we will use the fuzzy IT[01 x Taf Y 1b
distance D : Rr x Rg%® R, E {0} between ™ P
p Inf -y}
two fuzzy numbers [7], asfollows: 1 a|+ yHi bI+

D(&, B)= Sup max{la] - bj | |a" - &'}

11101 Definitions (1.2), [9]:

Let X be a universa set, then a fuzzy set
for al &, b1 F(R), where &, = [aj,a7], A of X is defined by its membership function
m : X ¥%® [0, 1]. We can aso write the

fuzzy set A as {(x, my(x)) : x T X} and

B, = [bj ,b{], we have that D is a metric on
I_:(R), and the following definition may be

considered: denote A; = {x T X : m(x) ® A} as the
Definition (1.1): A -level set of A.

A fuzzy distance D between two fuzzy Definition (1.3).[9]:
numbers  &,BT F(R) is a function LEt_f(X) be real valued function on a
D:Re x RE%® Ry E {0}, and satisfies: topological space (X,T). If {x:f(x) * 1} is

closed for every |, f(x) is sad to be upper
semicontinous.
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Definition (1.4), [9]:
a is colled closed fuzzy number if a is a
fuzzy number and its membership function my

iS upper semicontinous .
Definition(1,5), [9]:

Let a beafuzzy number.
1. a is caled nonnegative fuzzy number

if mg(x)=0," x<O0.

2. a is caled nonpostive fuzzy number if
mg(x)=0 ," x>0.

3.a is caled postive fuzzy number if
mz(x)=0," X£0.

4.a is caled negative fuzzy number if
mz(x)=0," x2 0.

Remark (1.2), [8]:
Let &, B, € T F(R), then the following

algebraic definitions and properties may be
considered:

Le=a+b,ifc =a +b andq =a'
+ b, forevery | T (0, 1].
2.8=4-b,ifq =a - b andq =4qf

- b, foreveryl T (0, 1].

3. Foreverykl Rand &1 F(R), then:
I U I[ka kaf], if k30
1o
k& = |
i U I[ka kaj], if k<0
Ty
4. 1f a and b are two closed fuzzy number

then
(aAb) =[min{ aj b ,a b ,a] b}
al b} ,max{ aj bj & bj ,
aj b & bj'}]
5.1f a and b aretwo nonnegative closed
fuzzy number then
(@Ab) =[aj bj,a bf']
Where A stands for the product.
6.aLbifa £bj anda £b,forevery
1 T [0, 1]
7.8 < b if & £ b and there exists
IT (0,1], suchthat & < bj or a < b
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8. 4=Bif Aa£b and b £ 4.
Definitions (1.6), [8]:

Lee Al F(R)and
1. 1f there exits M T F(R),such that
B £ M, forevery &1 A, then A issaid to
be an upper bound of M .
2. If thereexists t T F(R), such that i
£ &,forevery &1 A, thenAissaidto bea
lower bound of .

3. A is said to be bounded if A has both an
upper and lower bounds.

Definition (1.7):

A sequence { &} is said to be bounded if
there exists positive numbers M; and M such
that

laf|E My , |ag | £ M2 and istermed as
40 |EM ,M={M:,M>} " n

Fuzzy Metric Spaces

We dsart first  with the following
fundamental theorem in fuzzy metric spaces,
in which its proof is similar to that given in
[11].

Theorem (2.1):

(F(R), D) is ametric space.
Proof:

To prove that the following three
conditions are satisfied for al &,b and

g1 F(R):

1.D(4,B)=D(b, &).

2.D(4,B) 3 0and D(&,B) = 0if and only if
a=b.

3.Whenfor every & T F(R), we have:

D(4, B)£D(4,8) + D(&,b).
For the first condition:

D(&,B) = Sup max{la] - by | |q -

1701
b [}

= IIS[uolol]m«'s\><{|b| - a |, b -
a |}

=D(b,4)
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For the second condition, it is clear that
D(&,B) 2 0, since |aj - bj |2 0, and|q -
b |20 foral &, b1 FR).

Now, to show that D(#,B) = 0 if and only
if & =5
4a=bp D&, b)=0
[ & 1=[b ,b1p a =bj, a =b
P D(&,b) = Sup max{laj - by g -

11[0]
b [} =0
HenceD(&,B)=0p & =5

D(&,b) = Sup max{|aj - bj |, |3 - b }=0
1T[01]

P la - bj|=0a - b|=0
b a|':b|',a|+:b|+
P[4 .8 1=[bj.b]

b A=bh
Finally, to prove the third condition:

D(4,b) £ D(4,) + D(&,b), " &, b,
tT F(R)
D(&,b)= Sup max{|aj - bj |1 - b [}
1710]
= Sup max{laj - ¢ +¢ - by,
1110,
laf - ¢ +¢ - b
£ Sup max{lay - ¢ [+]cf - by,

17101
laf - ¢fl+1g - b

£ Sup max{|gy -cj |, |a|+- C|+|} +
17[01]

Sup max{c] - by |, |- bj"
1101
£D(&,t)+D(t,4)
which completes the proof of the theorem. <

Sequences in fuzzy metric spaces has a
great importance in contraction mapping
theorem, and following the definition which
give the seed for this aspect.
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Definition (2.1), [8]:

Let {& I F(R), & 1 F(R), then the
sequence { &} is said to be converge to a
(and is denoted by LI@FQ a,=4&) if for any given

e > 0, there exists an integer N > O, such that
D(&, &) <e foralns3 N.
Theorem (2.2):

Let {4} I F(R), & 1 F(R), then the
sequence { &} is converge to a unique &, i.e.,
if lim &, = & and lim &, = b, then & = b.

Proof:
Assume the contrary. Then & 1 b, so that
D(&,B) > 0.

Let %D(ﬁh,%) e
By hypothesis Ii®rg &, = &, then there exist an
integer N1 > 0, such that D(&n, &) <e, for any

n3 Nj.
Similarly, since lim &n = B, then there exist

an integer N, > 0 such that D(4,, B) < e, for
anyn 3 N,

Let N = Max {Nj, Ny}, then from definition
(1.1) and the properties of the fuzzy sets

D(4,b) £D(4,4,) +D(&n b)
<et+e=2e

Hence D(4, B) < 2e, which is a contradiction

Thenb =b. <

Theorem (2.3):
If lim&, = & and limb, = B, then
n® ¥ n® ¥

limD(&n, B.) =D(&,B) (or D(&n, Bby) %®

D(4,B) asn%® ¥).

Proof:
Since &, is convergent, then D(&,, &)<e,
for al n>k;

Also, since %n is convergent, then
D(b,, B)<e, foral n>k,
Let k = Max {ki, ka}, hence:
D(&,, by) £D(4n, &) +D(4,by)

£D(4,, 4)+D(4,b)+D(b, b)
Hence:
D(8n, br) - D(8,b) £D(&n &) +D(b,, B)

i.e



ID(&n, B - D(&,B)|£Ee+e=2e
and ase 3 ® 0, we have:
D(4,, b, %® D(&,b). <

Theorem (2.4) :
Every converge sequence{ a,} is bounded

Proof:

Let{a,}® a
There exists positive number K such that
D(a,,a) <1
D(3,, @)= Sup max{|ap, - & |

17[04]
+ +

BRSS!

If max{lan, - & [|ay -8 [}=lap - & |

Then|ap, - & [<1P |ap [<|a [+1 "n
Let Mi=max{|ay |.| ay |---»
lap, blaj [+1}
P la,|EM:1 P {a,} <M; isbounded
Similarity if
max{|an, - & hlay - & b=lay - 4|
{a,} isbounded. <
3.Some Algebraic Operations on fuzzy

sequence:
In this section, some algebraic operations
connecting convergent sequence are given,

including  multiplication of  convergent
sequence.
Theorem (3.1):

Let {&.}, {B} 1 F(R) be a convergent
sequences, i.e, 4, %® 4 and b, %® b,
then{ &,+ B} %® & + b asn%® ¥.
Proof:

Since &, ¥%2® &, then there exists N; > 0,
suchthat D(&, &) <e2," n>N;

Similarly, since b, %® B, then there exists

N2>0, suchthat D(Bn, B) <€2," n>N;
Hence:
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D(&, + b, & + B) = Sup max{l(a[1I +
1T101]
¥© ¥
by ) - (a1 + bi)l, K(ay +by )
yt oyt
- (ap +bp)}
- ¥-
= Sup max{|(a, - al )+
1170
+

- ¥7 +
(bl’]| - b| )li |(an| - a )+

vt
+
(by, = bi)D
< Sup max{e2+e/2, e2+e?2}
1T[0]
< Sup max{e e} =e
11[0,4]
and as n %®0, we have {&, +
bl3a® a+b.
<<

Theorem (3.2):
If {a,}, { by} are two nonnegative closed

fuzzy numbers and converge, then { a, Bn} is
converge to ab suchthat dand bare two
nonnegative closed fuzzy number ,
(e a,b,p ab
Proof:
Since{ a,} isconverge
Then there exists M; > 0 such that |a, | < M
and (from theorem (2.4)) |a|< M.
Similarity  there existss M2 > 0 such that
|b,| < M2 and |b < M.
let Mz{MlyMz}
aso thereexists KyKoT N suchthat
| "

D(a,,a) < — n> K

(n ) oM 1
-~

D(b,,b) < — " n>K
(n ) oM 2

Let K:{Kl,Kz}

Now " n>K

D(a, by,,ab)= Sup max

[T[01]

{lan bny - & bi[.lay by -2 bil}.
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= Sup max{|an bp - a5 by +a by -
1101
aj bj ||
a;| b;| - a:1-| b|++aﬁ| bl+' al+ bI+|}-
= Sup max{|bp, |lap, - af [+laj ||
17101
bn, - bi | 1an, 1o, - bi' [1b] |lan, - & |-
i i i

|
£ Sup max{My—— +M; —  Mp—— +
”[0?1] Mz + Mo Mo

I
M —
o )
£ Sup max{l— (Mi+My)} since
1170, 2M
M:{M]_'Mz} R
| R
£ Sup max{— .2M } =l
1704 2M
® 3,b,p ab.<
The next theorem may be prove easily
similar to proof of above theorem.
Theorem (3.3):
For every k 3 0 and {&,} | F(R) and
coverge then {ké&.} isconverge,
(.e){kan} %®{ka}

Before indulging and prove the fuzzy
contraction mapping theorem of fuzzy number,
some additional basic concepts and definitions
are needed:

1. For every mapping f : X % ® X, we can
define a fuzzy mapping b x* %@ X*,
asfollows[10]:

f(A) =sup{AW) :wT fi(x)}
A mapping f : X* %® X* is caled fuzzy
contraction mapping if there exists a
constant O £ r < 1, such that:

a<(F (A), F(B)) £ rd* (A, B)
any such number r is called a contractivity
factor for f*, [10].

Remark (3.1):

See [10], the space (F*(R), D) is a
complete fuzzy metric space.
Theorem (3.4):

If f X %® X is a contraction
mapping with contractivity factor r, then
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f : F(R) %® F(R) is a fuzzy contraction
mapping with contractivity factor r.
Proof:
To prove that: -
D(F (&),F (b)) £rD(&,b)," &, b1 F(R),
We have:
D(F(&).F(b)) = Sup max{|f (&)-
1110,
fr (b)), If;" (&) - £ (b}
Sup max{ Sup Inf
1101 x 11 &) Y TH ()
yl Sup  Inf X"-y']
x*1 1) YT ()

X -

Since there exists x¢1 & (1 &, x¢1 a1 &
such that f(x¢ ) =x and f(x¢ ) =x"

Also, there exists y¢i bji b, y¢ 1
b1 b suchthat f(y¢) =y and f(y¢) =y
Therefore:

D(f (&).f (b)) = Sup max{  Sup
1101 x¢ 1 supp(&)
Inf  [f(x¢) - f(y¢)],
y¢ T supp(b)
Sup Inf [f(x¢) -
x®T supp() YET supp(b)
f(y®)[}
Since X is a complete metric space and f is a
contraction mapping.

Hence there exists O £ r < 1, such that:
D(f (&), F (b)) £ Sup max{  Sup
1101 xC 1 supp(&)

Inf rxe - ye|,
y¢ 1 supp(b)

Sup _Inf
x¢T supp(a) Y61 supp(b)
ye [}

=r Sup max{ Sup _Inf
1110 x¢ 1 supp(a) Y& T supp(b)
[XC - y¢|, Sup _Inf
x¢1 supp() Y& supp(b)
IX¢ - ye[}
=rD(4,b).
Hence% isacontraction mapping. <

r|x¢ -



Conclusions and Recommendations

From the present paper, one can conclude
and recommend that the study of fuzzy sets in
mathematics has so many fieds of
applications, such as the study of compact
fuzzy sets, completeness of fuzzy sets,
Riemann theory of integration of fuzzy sets,
etc. Also, in the fields of topological spaces,
normed spaces, vector spaces, the subject of

fuzzy sets may be widely applied in
differintional equation and fixed point
theorems.
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