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Abstract
In this paper we present fuzzy number and some of its properties it .Also, we define a new

fuzzy metric D( a% , b% ) of fuzzy numbers and discuss some of its algebraic operation of it . We prove
some results to study the contraction mapping theorem of fuzzy numbers using modified approach
depending on the definition of function distance between fuzzy numbers.

Introduction
Dubois D. and Prade H. in 1978

introduced the notions of fuzzy numbers and
define its basic properties and algebraic
operations [1].The researchers Goetschel R.,
Kaufmann A., Gupta M. and Zhang G. [2-4]
have done much work about fuzzy numbers.

Let r be the set of all real numbers and
F*(r) be the set of all fuzzy subsets defined
on r .G. Zhang [4-6] defined the fuzzy
number a% ∈ F*(r), as follows:

(1) a% is normal, i.e., there exists a unique
x ∈ r , such that a% (x) = 1.

(2) For every λ ∈ (0, 1), a% λ = {x | a% (x) ≥ λ}
is a closed interval, denoted by [a ,a ]− +

λ λ .

Now, let us denote the set of all fuzzy
numbers defined by G. Zhang as F (r).

In this paper, we will use the fuzzy
distance D : rF  rF → r+ ∪ {0} between
two fuzzy numbers [7], as follows:

D( a% , b% ) =
[0,1]

Sup
λ∈

max{| a−
λ − b−

λ |, | a+
λ − a+

λ |}

for all a% , b% ∈ F(r), where a% λ = [a ,a ]− +
λ λ ,

b% λ = [b ,b ]− +
λ λ , we have that D is a metric on

F(r), and the following definition may be
considered:

Definition (1.1):
A fuzzy distance D between two fuzzy

numbers a% , b% ∈ F(r) is a function
D : rF  rF → r+ ∪ {0}, and satisfies:

1. D( a% , b% ) ≥ 0 and D( a% , b% ) = 0 if and only if
a% = b% .

2. D( a% , b% ) = D( b% , a% ).
3. When for every c% ∈ F(r), then

D( a% , b% ) ≤ D( a% , c% ) + D( c% , b% ).
If D is a fuzzy distance of fuzzy numbers,

we call ( F (r) , D) a fuzzy metric space ,and
we defined :
D( a% , b% ) =

[0,1]
Sup

λ∈
max{| a−

λ − b−
λ |, | a+

λ − a+
λ |}

for every a% , b% ∈ F(r).

Remark (1.1):
D( a% , b% ) represents the distance between

two fuzzy sets, which may be denoted also by:
D( a% , b% ) =

[0,1]
Sup

λ∈
max{| a−

λ − b−
λ |, | a+

λ − b+
λ |}

=
[0,1]

Sup
λ∈

max{
x a

Sup
− −

λ∈ y b
Inf
− −

λ∈
|x− − y−|,

x a
Sup
+ +

λ∈ y b
Inf
+ +

λ∈
|x+ − y+|}

Definitions (1.2), [9]:
Let X be a universal set, then a fuzzy set

A% of X is defined by its membership function
Aµ % : X → [0, 1]. We can also write the

fuzzy set A% as {(x, Aµ % (x)) : x ∈ X} and
denote A = {x ∈ X : Aµ % (x) ≥ } as the

-level set of A% .

Definition (1.3 ),[9]:
Let f(x) be real valued function on a

topological space (X,T). If {x:f(x) ≥ λ} is
closed for every λ, f(x) is said to be upper
semicontinous . 
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Definition (1.4), [9]:
a~ is colled closed fuzzy number if a~ is a

fuzzy number and its membership function a~µ
is upper semicontinous . 

Definition(1,5), [9]:
Let a~ be a fuzzy number.

1. a~ is called nonnegative fuzzy number
if a~µ (x) = 0 , ∀ x < 0 . 

2. a~ is called nonpositive fuzzy number if
a~µ (x) = 0  ,∀ x > 0 . 

3. a~ is called positive fuzzy number if
a~µ (x) = 0 , ∀ x ≤ 0 .

4. a~ is called negative fuzzy number if
a~µ (x) = 0 , ∀ x ≥ 0 . 

Remark (1.2), [8]:
Let a% , b% , c% ∈ F(r), then the following

algebraic definitions and properties may be
considered:
1. c% = a% + b% , if c−

λ = a−
λ + b−

λ and c+
λ = a+

λ

+ b+
λ , for every λ ∈ (0, 1].

2. c% = a% − b% , if c−
λ = a−

λ − b−
λ and c+

λ = a+
λ

− b+
λ , for every λ ∈ (0, 1].

3. For every k ∈ r and a% ∈ F(r), then:

k a% =
[0,1]

[0,1]

[ka , ka ], if  k 0

[ka ,ka ], if  k 0

− +
λ λ

λ∈

+ −
λ λ

λ∈

 λ ≥



λ <


U

U

4. If a~ and b
~ are two closed fuzzy number

then
( a~ ⊗ b

~ )λ =[min{ −
λa −

λb , +
λa −

λb  , −
λa +

λb
+
λa +

λb } , max{ −
λa −

λb , +
λa −

λb ,
−
λa +

λb +
λa +

λb }]

5. If a~ and b
~ are two nonnegative closed

fuzzy number then
 ( a~ ⊗ b

~ )λ = [ −
λa −

λb , +
λa +

λb ]
Where ⊗ stands for the product.

6. a% ≤ b% if a−
λ ≤ b−

λ and a+
λ ≤ b+

λ , for every
λ ∈ [0, 1]

7. a% < b% if a% ≤ b% and there exists
λ∈ (0, 1], such that a−

λ < b−
λ or a+

λ < b+
λ

8. a% = b% if a% ≤ b% and b% ≤ a% .

Definitions (1.6), [8]:
Let A ⊂ F(r) and

1. If there exists M% ∈ F(r),such that
a% ≤ M% , for every a% ∈ A, then A is said to
be an upper bound of M% .

2. If there exists m% ∈ F(r), such that m%
≤ a% , for every a% ∈ A, then A is said to be a
lower bound of m% .

3. A is said to be bounded if A has both an
upper and lower bounds.

Definition (1.7):
A sequence { a% n} is said to be bounded if

there exists positive numbers M1 and M2 such
that

| +
na |≤ M1 ,  | −

na | ≤ M2 and is termed as
| a% n | ≤ M , M={M1 , M2 }  ,∀ n

Fuzzy Metric Spaces
We start first with the following

fundamental theorem in fuzzy metric spaces,
in which its proof is similar to that given in
[11].

Theorem (2.1):
( F (r), D) is a metric space.

Proof:
To prove that the following three

conditions are satisfied for all a% , b% and
c% ∈ F(r):
1. D( a% , b% ) = D( b% , a% ).
2. D( a% , b% ) ≥ 0 and D( a% , b% ) = 0 if and only if

a% = b% .
3. When for every c% ∈ F(r), we have:

D( a% , b% ) ≤ D( a% , c% ) + D( c% , b% ).
For the first condition:

D( a% , b% ) =
[0,1]

Sup
λ∈

max{| a−
λ − b−

λ |, | a+
λ −

b+
λ |}

=
[0,1]

Sup
λ∈

max{| b−
λ − a−

λ |, | b+
λ −

a+
λ |}

= D( b% , a% )
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For the second condition, it is clear that
D( a% , b% ) ≥ 0, since | a−

λ − b−
λ | ≥ 0, and | a+

λ −

b+
λ | ≥ 0, for all a% , b% ∈ F(r).

Now, to show that D( a% , b% ) = 0 if and only
if a% = b%

a% = b% ⇒ D( a% , b% ) = 0
[ a−

λ , a+
λ ] = [ b−

λ , b+
λ ] ⇒ a−

λ = b−
λ , a+

λ = b+
λ

⇒ D( a% , b% ) =
[0,1]

Sup
λ∈

max{| a−
λ − b−

λ |, | a+
λ −

b+
λ |} = 0

Hence D( a% , b% ) = 0 ⇒ a% = b%

D( a% , b% ) =
[0,1]

Sup
λ∈

max{| a−
λ − b−

λ |, | a+
λ − b+

λ |}=0

⇒ | a−
λ − b−

λ | = 0, | a+
λ − b+

λ | = 0

⇒ a−
λ = b−

λ , a+
λ = b+

λ

⇒ [ a−
λ , a+

λ ] = [ b−
λ , b+

λ ]

⇒ a% = b%
Finally, to prove the third condition:

D( a% , b% ) ≤ D( a% , c% ) + D( c% , b% ), ∀ a% , b% ,
c% ∈ F(r)
D( a% , b% ) =

[0,1]
Sup

λ∈
max{| a−

λ − b−
λ |, | a+

λ − b+
λ |}

=
[0,1]

Sup
λ∈

max{| a−
λ − c−

λ + c−
λ − b−

λ |,

| a+
λ − c+

λ + c+
λ − b+

λ |}

≤
[0,1]

Sup
λ∈

max{| a−
λ − c−

λ | + | c−
λ − b−

λ |,

| a+
λ − c+

λ | + | c+
λ − b+

λ |}

≤
[0,1]

Sup
λ∈

max{| a−
λ − c−

λ |, | a+
λ − c+

λ | } +

[0,1]
Sup

λ∈
max{| c−

λ − b−
λ |, | c+

λ − b+
λ |}

≤ D( a% , c% ) + D( c% , a% )
which completes the proof of the theorem. <

Sequences in fuzzy metric spaces has a
great importance in contraction mapping
theorem, and following the definition which
give the seed for this aspect.

Definition (2.1), [8]:
Let { a% n} ⊂ F(r), a% ∈ F(r), then the

sequence { a% n} is said to be converge to a%
(and is denoted by

n
lim

→∞
a% n= a% ) if for any given

ε > 0, there exists an integer N > 0, such that
D( a% n, a% ) < ε, for all n ≥ N.

Theorem (2.2):
Let { a% n} ⊂ F(r), a% ∈ F(r), then the

sequence { a% n} is converge to a unique a% , i.e.,
if

n
lim

→∞
a% n = a% and

n
lim

→∞
a% n = b% , then a% = b% .

Proof:
Assume the contrary. Then a% ≠ b% , so that

D( a% , b% ) > 0.

Let 1
2

D( a% , b% ) = ε

By hypothesis
n
lim

→∞
a% n = a% , then there exist an

integer N1 > 0, such that D( a% n, a% ) < ε, for any
n ≥ N1.
Similarly, since

n
lim

→∞
a% n = b% , then there exist

an integer N2 > 0 such that D( a% n, b% ) < ε, for
any n ≥ N2

Let N = Max {N1, N2}, then from definition
(1.1) and the properties of the fuzzy sets
D( a% , b% ) ≤ D( a% , a% n) + D( a% n, b% )

< ε + ε = 2ε
Hence D( a% , b% ) < 2ε, which is a contradiction
Then a% = b% . <

Theorem (2.3):
If

n
lim

→∞
a% n = a% and

n
lim

→∞
b% n = b% , then

n
lim

→∞
D( a% n, b% n) = D( a% , b% ) (or D( a% n, b% n) →

D( a% , b% ) as n →∞).
Proof:

Since a% n is convergent, then D( a% n, a% )<ε,
for all n > k1

Also, since b% n is convergent, then
D( b% n, b% )<ε, for all n > k2

Let k = Max {k1, k2}, hence:
D( a% n, b% n) ≤ D( a% n, a% ) + D( a% , b% n)

≤ D( a% n, a% ) + D( a% , b% ) + D( b% n, b% )
Hence:
D( a% n, b% n) − D( a% , b% ) ≤ D( a% n, a% ) + D( b% n, b% )
i.e.
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|D( a% n, b% n) − D( a% , b% )| ≤ ε + ε = 2ε
and as ε → 0, we have:
D( a% n, b% n) → D( a% , b% ). <

Theorem (2.4) :
Every converge sequence { na~ } is bounded

Proof:
Let { na~ } → a~

There exists positive number K such that
D( na~ , a~ ) <1

D( na~ , a~ )=
[0,1]

Sup
λ∈

max{| na λ
− − a−

λ |,

| na
λ

+ − a+
λ |} <1

If max {| na λ
− − a−

λ | ,| na
λ

+ − a+
λ | }=| na λ

− − a−
λ |

 Then | na λ
− −a−

λ | <1 ⇒ | na λ
− | <| a−

λ | +1 ∀n

Let  M1=max{| −
λ1a | ,| −

λ2a |,…,

| na λ
− |,| a−

λ |+1}

⇒ | na~ | ≤M1 ⇒     { na~ } <M1 is bounded
Similarity if
max{| na λ

− − a−
λ |,| na

λ
+ − a+

λ |}=| na
λ

+ − a+
λ |

 { na~ } is bounded . <

3.Some Algebraic Operations on fuzzy
sequence:

In this section, some algebraic operations
connecting convergent sequence are given,
including multiplication of convergent
sequence.
Theorem (3.1):

Let { a% n}, { b% n} ⊂ F(R) be a convergent
sequences, i.e., a% n → a% and b% n → b% ,
then { a% n + b% n} → a% + b% as n → ∞.

Proof:
Since a% n → a% , then there exists N1 > 0,

such that D( a% n, a% ) < ε/2, ∀ n > N1

Similarly, since b% n → b% , then there exists
N2>0, such that D( b% n, b% ) < ε/2, ∀ n > N2
Hence:

D( a% n + b% n, a% + b% ) =
[0,1]

Sup
λ∈

max{|( na λ
− +

nb λ
− ) − ( a

−∞
λ + b

−∞
λ )|, |( na

λ
+ + nb

λ
+ )

− ( a
+∞
λ  + b

+∞
λ )|}

=
[0,1]

Sup
λ∈

max{|( na
λ

− − a
−∞
λ ) +

( nb λ
− − b

−∞
λ )|, |( na

λ
+ − a

+∞
λ ) +

( nb
λ

+ − b
+∞
λ )|}

<
[0,1]

Sup
λ∈

max {ε/2 + ε/2, ε/2 + ε/2}

<
[0,1]

Sup
λ∈

max{ε, ε} = ε

and as n →0, we have { a% n +
b% n}→ a% + b% .

<

Theorem (3.2):
If { na~ }, { nb~ } are two nonnegative closed

fuzzy numbers and converge, then { na~ nb~ } is
converge to a~ b

~ such that a~ and b
~ are two

nonnegative closed fuzzy number , 
(i,e) na~ nb~ ⇒ a~ b

~

Proof:
Since { na~ } is converge

Then there exists   M1 > 0 such that | na~ | < M1

and (from theorem (2.4))   | a~ |< M1.
Similarity there exists M2 > 0 such that
| nb~ | < M2 and | b

~ |< M2.
let M={M1,M2}
also there exists  K1,K2 ∈ N such that

D( na~ , a~ ) <
M2
∈

∀ n> K1

D( nb~ , b
~ ) <

M2
∈

∀ n> K2

Let K = {K1, K2 }
Now ∀ n> K
D( na~ nb~ , a~ b

~ ) =
[0,1]

Sup
λ∈

max

{| λ
−
na λ

−
nb − −

λa −
λb | ,| λ

+
na λ

+
nb − +

λa +
λb | }.
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=
[0,1]

Sup
λ∈

max{| λ
−
na λ

−
nb − −

λa −
λnb + −

λa −
λnb -

−
λa −

λb | ,|

λ
+
na λ

+
nb − λ

+
na +

λb + λ
+
na +

λb − +
λa +

λb | }.

=
[0,1]

Sup
λ∈

max{| λ
−
nb | | λ

−
na − −

λa |+| −
λa | |

−
λnb − −

λb | , | λ
+
na | | λ

+
nb − +

λb | | +
λb | | λ

+
na − +

λa | . 

≤
[0,1]

Sup
λ∈

max {M2.
M2
∈

+ M1.
M2
∈ , M2.

M2
∈

+

M1.
M2
∈ }

≤
[0,1]

Sup
λ∈

max {
M2
∈ ( M1+ M2) }  since

M={M1,M2}

≤
[0,1]

Sup
λ∈

max {
M2
∈  .2M } =∈

→ na~ nb~ ⇒ a~ b
~ . <

  The next theorem may be prove easily
similar to proof of above theorem.
Theorem (3.3):

For every k ≥ 0 and { a% n} ⊂ F(R) and
coverge then {k a% n} is converge,
(i.e) {k a% n} →{k a% }

Before indulging and prove the fuzzy
contraction mapping theorem of fuzzy number,
some additional basic concepts and definitions
are needed:
1. For every mapping f : X → X, we can

define a fuzzy mapping f% : X* → X*,
as follows [10]:

f% (A) = sup {A(w) : w ∈ f−1(x)}
2. A mapping f% : X* → X* is called fuzzy

contraction mapping if there exists a
constant 0 ≤ r < 1, such that:

d*( f% (A), f% (B)) ≤ rd*(A, B)
any such number r is called a contractivity

factor for f*, [10].

Remark (3.1):
See [10], the space (F*(r), D) is a

complete fuzzy metric space.
Theorem (3.4):

If f : X → X is a contraction
mapping with contractivity factor r, then

f% : F (r) → F(r) is a fuzzy contraction
mapping with contractivity factor r.

Proof:
To prove that:

D( f% ( a% ), f% ( b% )) ≤ rD( a% , b% ), ∀ a% , b% ∈ F(r),
We have:
D( f% ( a% ), f% ( b% )) =

[0,1]
Sup

λ∈
max{| f −

λ ( a% ) −

f −
λ ( b% )|, | f +

λ ( a% ) − f +
λ ( b% )|}

=
[0,1]

Sup
λ∈

max{
x f (a)

Sup
− −

λ∈ % y f (b)
Inf

− −
λ∈ %

|x− −

y−|,
x f (a)

Sup
+ +

λ∈ % y f (b)
Inf

+ +
λ∈ %

|x+ − y+|}

Since there exists x −′ ∈ a−
λ λ⊆ a% , x +′ ∈ a+

λ λ⊆ a%

such that f( x −′ ) = x− and f( x +′ ) = x+

Also, there exists y −′ ∈ b−
λ λ⊆ b% , y +′ ∈

b+
λ λ⊆ b% such that f( y −′ ) = y− and f( y +′ ) = y+

Therefore:
D( f% ( a% ), f% ( b% )) =

[0,1]
Sup

λ∈
max{

x sup p(a)
Sup

−′ ∈ %

y sup p(b)
Inf

−′ ∈ %
|f( x −′ ) − f( y −′ )|,

x sup p(a)
Sup

+′ ∈ % y sup p(b)
Inf

+′ ∈ %
|f( x +′ ) −

f( y −′ )|}
Since X is a complete metric space and f is a
contraction mapping.
Hence there exists 0 ≤ r < 1, such that:
D( f% (a% ), f% ( b% )) ≤

[0,1]
Sup

λ∈
max{

x sup p(a)
Sup

−′ ∈ %

y sup p(b)
Inf

−′ ∈ %
r| x −′ − y −′ |,

x sup p(a)
Sup

+′ ∈ % y sup p(b)
Inf

+′ ∈ %
r| x +′ −

y −′ |}
= r

[0,1]
Sup

λ∈
max{

x sup p(a)
Sup

−′ ∈ % y sup p(b)
Inf

−′ ∈ %

| x −′ − y −′ |,
x sup p(a)

Sup
+′ ∈ % y sup p(b)

Inf
+′ ∈ %

| x +′ − y −′ |}
= rD( a% , b% ).

Hence f% is a contraction mapping. <
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Conclusions and Recommendations
From the present paper, one can conclude

and recommend that the study of fuzzy sets in
mathematics has so many fields of
applications, such as the study of compact
fuzzy sets, completeness of fuzzy sets,
Riemann theory of integration of fuzzy sets,
etc. Also, in the fields of topological spaces,
normed spaces, vector spaces, the subject of
fuzzy sets may be widely applied in
differintional equation and fixed point
theorems.

References
[1] D. Dubois and H. Prade, "Operations on

Fuzzy Numbers", International J. of
System Sci., 9 (1978), 613-626.

[2] R. Goetschel and W. Voxman,
"Topological Properties of Fuzzy
Numbers", Fuzzy Sets and Systems, 10
(1983), 87-99.

[3] A. Kaufmann and M. Gupta,
"Introduction to Fuzzy Arithmetic", Van
Nostrand Reinhold, New York, (1985).

[4] G. Zhang, "Fuzzy Distance and Limit of
Fuzzy Numbers", BUSEFAL, 33 (1987),
19-30.

[5] G. Zhang, "Fuzzy Limit Theory of Fuzzy
Numbers", Cybernetics and Systems,
(1990), World Sci. Pub., 163-170.

[6] G. Zhang, "Fuzzy Continuous unction
and its Properties", Fuzzy Sets and
Systems, 43 (1991), 159-171.

[7] A. George Anastassiou, "Fuzzy
Ostrowski Type Inequalities",
Computational and Applied Mathematics,
Vol.22(2003), No.2, 1-13.

[8] Hee Chan Choi, "The Completeness of
Convergent Sequences Space of Fuzzy
Numbers", Kangweon-Kyungki Math.
Jour., 4 (1996), No.2, pp.117-124.

[9] Hsien-Chung Wu, "The Fuzzy Riemann
Integral and its Numerical Integration",
Fuzzy Sets and Systems, 110 (2000),
1-25.

[10] Congxin Wu and Zengtai Gong, "On
Henstock of Fuzzy Number Valued
Functions (z)", Fuzzy Systems, 120, No.3
(2001), 523-532.

[11] S. Fadhel, "About Fuzzy Fixed Point
Theorem", Ph.D. Thesis, College of
Science, Al-Nahrain University, 1998.

.
]7[

.

(The contraction mapping theorem)

(Fuzzy numbers).


