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Abstract

The nucleon momentum distributions for the ground state and elastic electron scattering
differential cross sections have been calculated in the framework of the coherent fluctuation model
and expressed in terms of the weight function (fluctuation function). The weight function has been
related to the nucleon density distributions of nuclei and determined from theorv and experiment.
The feature of long-tail behavior at high momentum region of the nucleon momentum distributions
has been obtained using both theoretical and experimental weight functions. An 4 -dependence of
the nucleon momentum distributions has been clearly found in the region of high momentum

component k=3 fin"'. The observed differential cross sections for electron scattering from

200 ar

all values of scattering angle 6.

Ne. “Mg. *Si and ™S nuclei are verv well reproduced by the present calculations throughout

Kevwords: Nucleon density distributions, Nucleon momentum distributions. Elastic electron scattering
differential cross sections and 2s-/d shell nuclei.

Introduction

There is no method for directly measuring
the nucleon momentum distribution ( NMD) in
nuclel. The quantities that are measured by
particle-nucleus and nucleus-nucleus collisions
are the cross sections of different reactions.

and these contain information on the NMD of

target nucleons. The experimental evidence
obtained from inclusive and exclusive electron
scattering on nuclei established the existence
of long-tail behavior of the NMD at high
momentum region (k=2fm"') [1-6]. In
principle. the mean field theories cannot
describe correctly the form factors /(g) and
the NMD simultaneously [7] and they exhibit
a steep-slope behavior of the NMD at high
momentum region. In fact. the NMD depends
a little on the effective mean field considered
due to its sensitivity to the short-range and
tensor nucleon-nucleon correlations [7. 8]
which are not included in the mean field
theories.

There are several theoretical methods used
to study elastic electron-nucleus scattering.
such as the plan-wave Born approximation
(PWBA). the eikonal approximation and the
phase-shift analysis method [9-15]. The
PWBA method can give qualitative results and

has been used widely for its simplicitv. To
include the Coulomb distortion effect. which is
neglected in PWBA. the other two methods
may be used. In the past few vears. some
theoretical studies of elastic electron scattering
ofT exotic nuclei have been performed. Wang
et al. [11. 12] studied such scattering along
some isotopic and isotonic chains by
combining the eikonal approximation with the
relativistic mean field theorv. And. very
recently, Roca-Maza et al. [13] systematically
investigated elastic electron scattering off both
stable and exotic nuclei with the phase-shift
analvsis method. Karataglidis and Amos [14]
have studied the elastic electron scattering
form factors. longitudinal and transverse, from
exotic (He and Li) isotopes and from °B
nucleus using large space shell model
functions. Very recentlv, Chu et al. [15] have
studied the elastic electron scattering along )
and S isotopic chains and shown that the
phase-shift analysis method can reproduce the
experimental data very well for both light and
heavy nuclei.

In the coherent fluctuation model ( CFM ).
which is exemplified by the work of Antonov
et. al. [4. 16]. the local nucleon density
distribution ( NDD ) and the NMD are simply
related and expressed in terms of an
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experimentally obtainable fluctuation function
(weight function) |_;"(.\'}|2. They [4. 16]
investigated the NMD of ('He and “0), “C
and (VK. “Ca and *Ca ) nuclei using weight

functions [/ (x)

expressed in terms of.
respectively. the experimental two parameter
Fermi (2PF)NDD [17]. the experimental
data of Ref. [18] and the experimental model-
independent NDD [17]. It is important to
point out that all above calculations obtained
in the framework of the CFM proved a high
momentum tail in the NMD. Elastic electron
scattering from “Ca nucleus was also
investigated in Ref [16]. where the calculated
elastic differential cross sections (do/dQY)
were found to be in good agreement with those
of experimental data.

The aim of the present work is to derive an
analvtical form for the NDD applicable
throughout all 25 —1d shell nuclei based on
the use of the single particle harmonic
oscillator wave functions and the occupation
numbers of the states. The derived NDD is
emploved in determining the theoretical

weight function |_)"(_r)|: which is used in the
CFM  to studv the NMD and elastic
differential cross sections do/d€) for some
25 —1d shell nuclei. such as *'Ne. “'Mg. *Si
and “S nuclei. We shall see later that the
theoretical |_)"(.\']|:. based on the derived
NDD. is capable to give information about the
NMD and do/dQ as the experimental
[_f'(.\‘)|:. based on the three parameter Fermi
(3PF) NDD [17. 19]. does.

Theory

In the CFM [4. 16]. the mixed density is
given by

p(r.r") =J'|f{x]|: p(redx (1)

where [4. 16]

p.(r.r)=3p {x).h(kF(x) i—7))

ke (x)[F -

2
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is the density matrix for 4 nucleons uniformly
distributed in the sphere with radius x and
density  p,(x)=34/4m”. The Fermi
momentum is defined as [4. 16].

- '3 '3
3n” 9mAY 1
k[__{x}:[%p“(x)) :[T] ;

o (%AJ' '
X 8
.......................... (3)
and the step function @ is defined by
8(y) = L. vz0 )
(v)= 0. v <0

Equation (1) corresponds to the general
statement of the CFM in which the nuclear
matter NDD fluctuates around the average
distribution. keeping spherical symmetry and
uniformity. The diagonal element of (1) gives
the one-particle density as

p(r)=p(r.r'=r)

:jlf(x)rpx{r)dx
In (3). p,(r) and |_,f'(.\‘}|: have the
following forms [16]

px(r) = pu{x)e(x _|?|)

|f(x )lf __ ; dp(r)

p.(x) dr

|r-x

The weight function |_f(x)|: of (7).
determined in terms of the NDD p(r).
satisfies the normalization condition

o

[IfCof dx =1 o (8)
and “holds only for monotonically decreasing
NDD, ie. w<(},

On the b;;is of (5). the NMD. n(k). is
expressed as [16]

n(k)=_[|f(x)|:nx{k)dx ....................... ()
where (
nw(k)=%nx7‘9(k]_-(X)—|E|) o (10)
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is the Fermi-momentum distribution of the
syvstem with density p, (x). By means of (7).
(9) and (10). an explicit form for n(k) is
expressed in terms of p(r) as

_(4nY 4
m“_[3)

. {GT p(x)x dx ‘[%J p[%]]

A

............................. (11)
with normalization condition
In{k) d k, ny
(2m)

The NMD of 2s—1d shell nuclei is also
determined bv the shell model using the single
particle harmonic oscillator wave function in
momentum representation and is given by [6]

4b° b’

n(k) = ——exp(——)
bud k
(A-16)

- 2
x|:l+._(bk) +—IS

{bk)‘}

where /5 is the harmonic oscillator size
parameter.

The form factor F(g) of the nucleus is
also expressed in the CFM and is given by

[16]
1 2
F{q):Xﬂf{xﬂ F(3.q)dX oo (13)

where F(x.g) is the form factor of uniform
charge density distribution given by

i[w—cos(qx)} L (14)
()" | qx

Equation (14) reflects the physical
scattering picture. inherent by the C'FM. n
which the scattering amplitude is a
superposition of different uniform charge
distributions. The nucleon finite size ( f3)

form factor defined
by F,(q) = Exp(=0.43¢" / A) [10] and
F. (q)=Exp(q b /4A) is the correction for
the lack of translational invariance in the shell
model (center of mass correction) [10].
Inclusion of F, (g) and F_ (q) the

F(x.q)=

s

n
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calculations requires multiplving the form
factor of (13) by these corrections.

It is important to point out that all physical
quantities studied above in the framework of
the CFM such as n(k) and F(g) are
expressed in terms of the weight function
|/ (x)]" Therefore. it is worthwhile trying to

obtain the weight function firstly from the
NDD of the 3PF model extracted from the
analvsis of elastic electron-nuclei scattering
experiments and secondly from theoretical
considerations. The NDI) of the 3PF model
is given by [17]

p_“.F(r):ph[H wcr ]/{Helzu) ;

The weight function |_f'(x)|:w 1s obtained
by introducing (15) into (7) as

2 4nx’ 1
|f(x) IF x=c
3A ez
| = 2
Ky —=Pyp(X)e © ——p,wx
z c

Theoretically. the NDD of one body
operator can be written as [20]

1 .
p(r)=—> ¢, 421+ 1), (1), (r)
4“ nl

e (17)
Here ¢, is the nucleon
probability of the state n/ (£
closed shell nuclei and 0=, <1 for open shell
nuclei) and ¢,,(r) is the radial part of the
single particle harmonic oscillator wave
function.
To derive an explicit form for the NDD of
25 —1d shell nuclei, we follow the method of
[9] and assume that there is a core of filled 1s
and 1p shells and the nucleon numbers in 2s
and 1d shells are equal to. respectively, 4—§

occupation
=0 or | for

ml
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and 4—-20+4. and not to 4 and 4—20 as in
the simple shell model. Using this assumption
with the help of (17). an analvtical form for
p(r) is obtained as
bt An Ll
=S 10——+'8ﬁr
b 2B
(18)
+[4A ﬁ-@]i\
b |

Here. the parameter § characterizes the
deviation of the nucleon occupation numbers
from the prediction of the simple shell model
(8=0). The central NDD. p(0). is obtained
from (18) as

38

p(r)

I [, 33|
O)=—q10——> ¢
p(0) RCET *l > (19)
Therefore. § can be obtained from (19) as

2 I
d==510-7""b'p(0);........co...... (20
H10-7"b'p(0)) (20)

Using (18) in (7). an analvtical expression
for theoretical weight function |/(x)|" is
obtained as

ffeof =

8t 32 4
— X X)——X
3ab P T

oo 22 B
15 3 5)b°

_____________________________ (20)

Results and Discussion
The nucleon momentum distributions n(k)
and elastic differential cross section do/dQ
for 25 —1d shell nuclei are studied by means
of the ('FM . The distribution n(k) of (9) is
calculated in terms of the weight function
obtained firstly from the fit to the electron-
nuclei scattering experiments. as in (16). and
secondly from theory. as in (21). The
harmonic oscillator size parameters b are
chosen in such a wav as to reproduce the
measured root mean square radii (rms) of
nuclei. The parameters § are determined by
introducing the chosen values of » and the
experimental densities p_ (0) into (20). The

values of » and & together with the other
parameters  emploved in  the present
calculations for “Ne. *Mg. *Si and *S§
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nuclei are listed in Table 1. The calculated
rms (r*)!.; and those of experimental data

(r)Ly [17. 19] are displayed in this table as
well for comparison. The comparison shows a
remarkable agreement between (r°).; and
) all considered nuclei. The
dependence of the n(k) (in fin') on k (in
fm'y for ' Ne. *'Mg. *Si and *§ nuclei is
shown in Fig.(1). The dash-dotted distributions
are the NMD’s of (12) obtained bv the shell
model calculation using the single particle
harmonic oscillator wave functions in the
momentum representation. The dotted and
solid distributions are the NMD s obtained by
the CFM and expressed in terms of the
experimental and theoretical weight functions
(16) and (21). respectively. It is clear that the
behavior of the dash-dotted distributions
reproduced by the shell model calculations is
in contrast with those of the dotted and solid
distributions reproduced by the CFM. The
important  feature of the dash-dotted
distributions is the steep slope behavior when
k increases. This behavior is in disagreement
with other studies [4. 5. 7. 8] and it is
attributed to the fact that the ground state shell
model wave functions given in terms of a
Slater determinant does not take into account
the important effects of the short range
dvnamical correlation functions. Hence. the
short-range repulsive features of the nucleon-
nucleon forces are responsible for the high
momentum behavior of the NMD [5. 7]. It is
seen that the dotted and solid distributions
deviate slightly from each other around the
region of momentum k=3 fm'. It is also
noted that the general structure of the dotted
and solid distributions at the region of high
momentum components is almost the same for
“Ne. *Mg. *Si and S nuclei. where these
distributions have the feature of long-tail
behavior at momentum region k =2 fm"'. In
fact. the feature of long-tail behavior obtained
by the CFM. which is in agreement with
other studies [4. 5. 7. 8]. is related to the

for

existence of high densities p (r) In the
decomposition (5). though their weight
functions |_}“(x}|:are small. The mass
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dependence of the NMD. calculated by means
of the CFM using the theoretical weight
function (21). is studied and analvzed in
Fig.(2). The solid. dotted. dash-dotted and
dashed distributions are the NMD’s for *Ne.
“"Mg. *Si and *S nuclei. respectively. It is
obvious that there is an A-dependence in
n(k). which is in agreement with the studv of
Ref. [5]. especially at the region of high
momentum component & =3 fin™' while at the
region of small values of & this dependence is
quite small as shown in Fig.(2). Elastic
differential ~ cross sections, defined by
do | dQ=(do/d),,, |F(g) [10]. are also

studied by means of the CFM. Here.
(do/dQy),,,, is the Mott cross section for

relativistic electron scattering from a point
charge and F(g) is the form factor given bv
(13). The present results for elastic differential
cross sections do/d€) are plotted versus the
scattering angle @ for “'Ne. “Mg. ~Si and
*S nuclei as shown in Fig.3. The solid and
dotted curves are the calculated results
obtained. respectively. without and with
including the corrections of F,(¢) and

F, (¢). In "Ne nucleus. the symbols of solid
circles. solid squares. solid triangles and
bolded pluses are the experimental data of
elastic differential cross sections do/dQ [21]
for  energies  39.94Mel.  65.93Mel .
114.93Mel" and 11993 Mel. respectivelv. It
is clear that the experimental data [21] are
extremely  well reproduced by  both
calculations of the solid and dotted curves
throughout all values of €. The effect of

including F,(¢) and F (g) corrections in

the calculations of the “Ne nucleus is
insignificant because it leads to slight
reduction in the calculated cross sections
throughout all values of @ as seen by the
dotted curves. In “*Mg. *Si and *S nuclei.
the svmbols of opened circles and opened
triangles are the experimental data of elastic
differential cross sections do/dQ [19] for
energies 250 MeV and 500 Mel,
respectivelv. The general structure for both
behavior and magnitude of the calculated cross

am
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sections represented by the solid and dotted
curves are in very good agreement with those
of experimental data. All the first diffraction
minima in the energy region 250 Mel” and all
first and second diffraction minima in the
energy region 300 MeV" are reproduced in the
correct places. The inclusion of the nucleon
finite size and center of mass corrections in the
calculations of these nuclei reduces the
magnitudes of the calculated do/dQ) clearly
around the region of 6 =60 as seen by the
dotted curves. It is obvious that the solid
curves in ‘Mg, *Si and *S§ nuclei describe
the experimental data for elastic differential
cross sections do/dQ [19] better than the
dotted curves throughout all values of @.
Summary and Conclusions

The NMD and elastic differential cross
sections calculated in the framework of the
CFM were expressed by means of the weight

function |f(.r)|:_ The weight function. which

is connected with the local density p(r). was
determined from experiment. as in (16). and
from theory. as in (21). The feature of the
long-tail behavior of the NMD. which is in
accordance with the other studies [4. 5. 7. 8].
is obtained by both theoretical and
experimental weight functions and is related to
the existence of high densities p (r) in the
decomposition (5). though their weight
functions are small. An A -dependence of the
NMD is clearly found at the region of high
momentum component k=3 fin' and is
slightlv seen at the region of small values of
k. The mass dependence of the NAMD. which
is found in the present studyv. agrees with that
found in the study of Ref [5]. The observed
differential cross sections for elastic electron
scattering from “'Ne. “Mg. *Si and *§
nuclei are very well reproduced by the present
calculations of the /M throughout all values
of scattering angle #. It is noted that the
theoretical NDD  (18) emploved in the
determination of the theoretical weight
function (21) is capable of reproducing the
information about the NMD and elastic
differential cross sections as does the 3PF
model.
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The values of various parameters employed in the present calculations together

with (r*).; and (r).;.
Experimental | Calculated parameters E—
3PF [17,19] central NDD | and rms of the present Fi:!:::r[';';e ';t;ll
[17,19] work o
Nuclei <’_3>| 2
; G z Py (0) h s rHls few
Tl gm |l am | ey | U (fin) {fir)
* Ne -168 | 2.791 | 0.698 0.1761 1848 | 2538 | 2912 | 2.992+0.03
:Jf'l'l{!.f =249 3.192 0604 0.1777 1.806 | 2778 | 2,941 2985£0.03
= Si - 149 3.239 0.574 0.1768 1.870 1 2373 | 3.105 3.106+£0.03
=S ~213 | 3441 | 0.624 0.1816 1924 | 1.862 | 3.237 | 3.239+0.03
1E+4
1E+3 §
1E+2 |-
~ 1EM
£ E
S 1EH0 |
= E
3 1E1 3
1E2f
1E3 |-
1E-4 |-
1E-5L
1E+d g— — T T 1B e 77
1E+3§ 1E43 8
1E+2f 1E+2
THAEH B 1E41 o
§ -
TAE+OE- 1E+0 -
) - E
= 1E41 = 1E-1 -
1E-2f- 1E2
1E3F 1E3
1E4f 1E4 |
1e-56 P I EsL 1 11
0 2 6 0 2 6 8

4
k(foi")

4
k(fm')

Fig.(1) : The nucleon momentum distributions ( NMD ’s) for ~ Ne. Mg, ~Si and =S nuclei.
The dashed-dotted distributions are the results obtained by the shell model calculation using
the single particle harmonic oscillator wave functions in the momentum representation. The

dotted and solid distributions are the calculated results expressed by the CFM using the
experimental and theoretical weight functions of (16) and (21), respectively.
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1E+4

1E+3
1E+2
1E+1
1E+0
1E-1
1E-2
1E-3
1E-4
1E-6
0 4
k(fin™y
Fig.(2): The mass dependence of the NMD. calculated by means of the CFM  using the theoretical
weight function (21), located at the region of high momentum components k =3 fin”" . the solid,
dotted, dash-dotted and dashed curves are the calculated NMD s for “ Ne. :';’l'.’g, “Si and S
nuclei, respectively.

nik) (fm"]

R R L L UL UL UL UL WL

1E+1

L 1E+1 g

F 1E+0 | -

1E+0 & 1E-1 | =

= 1E2f -

1B 1E3 - o

: E 1E-4 E

S 1E2b 1ES E

a - 1E6F =

3 - 1E7 5 : E

= 1E-3 E_ 1E-8 :r NS

: 1E9 =

1E4 1E-10 |- =

F 1E-11 =

] =] S N R — 1E-12E 3
160 0
1E# 1E+1 g
1E+0 E 1E+0f
1E-1 E 1E-1
1E-2 E 1E-2fr
1E-3 = 1E-3 -
=~ 1E-4 = 1E-4
5 1ES E 1E-6 )
= 1E% - 1E-6f
2 1E7 E 1E7
= 1E-8 o 1E-8
1E-9 = 1E-9f
1E-10 = 1E-10 -
1E-11 - 1E11f
1E-12 ] 1E-12E

0 40 80 120 0 40 80 120
O(deg) O(deg)

Fig.(3): Elastic differential cross section (deas2) is drawn as a function of scattering angle o for
Ne. 7 o, #si and S nuclei. The solid and dotted curves are the calculated results without and
)t;a;ﬂl' including the corrections (nucleon finite size and center of mass corrections), respectively. In
““Ne nucleus, the symbols of solid circles, solid squares, solid triangles and bolded pluses are the
experimental data, taken from Ref. [21], for energies 39.94, 65.93, 114.93 and 119.93MeV respectively.
In " xe ** Mg, P i nuclei, the symbols of opened circles and opened triangles are the experimental
data, taken from Ref. [19], for energies 250 MeV and 500MeV respectively.
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