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Abstract

In this paper, we introduce some concepts namely 0-generalized L;-spaces, where i=1,2,3,4,
which are weaker forms of L(6-generalized closed)-spaces, these are spaces whose Lindelof
subsets are 0-generalized closed and study some of their properties and investigate their
relationships with L(6-generalized closed)- spaces as well as among themselves.
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Introduction

In 1968, Velick [2] introduced the concept
of 0-closed sets in topological space. Levine
[3] introduced the concept of generalized
closed sets as a generalization of closed sets in
topological spaces. Recently Dontchev and
Maki [4] have introduced the concept of a
0- generalized closed set. This class of sets has
been investigated also by Arockiarani [5].

Throughout this paper, a space X means
topological space (X, z) on which no
separation axioms are assumed, unless
explicitly stated. If A is a subset of a space X,
then the closure and the interior of A are
denoted by cl(A) and Int(A) respectively.

1. Preliminaries

In this section, we recall some basic
definitions and example needed in this work.

Definition (1.1), [2]:

The 0-closure of A, denoted by cl, (A), is
the set of all x e X for which every closed
neighborhood of x intersects A nontrivially. A
set A is called 0- closed if A = cl, (A).

Definition (1.2), [2]:

The 0-interior of A, denoted by int, (A), is
the set of all xe X for which A contains a
closed neighborhood of x. A set A is said to be
0-open provided that A=int, (A). Furthermore,

the complement of a 6-closed set is 6-open and
the complement of a 6-open set is 6-closed.

Definition (1.3), [3]:

A set A is called a generalized closed (or
briefly g-closed) if cl(A)cO, whenever
AcO, and O is open in X. The complement of

generalized closed set is called generalized
open set (or briefly g-open).

Definition (1.4), [4]:

A set A is said to be 0-generalized closed
(or briefly 8-g closed) provided that
cly(A) <U whenever AcU and U is open

in X. A set is called 6-generalized open (or
briefly 6-g open) if its complement is
0-generalize closed.

From [4] it is easy to check that, every
0-closed set is 0-generalized closed and every
0-generalized closed set is g-closed. But the
converse implication does not hold, see[4].
Also from[4] A countable union of 6-g closed
sets need not be a 6-g closed set.

Definition (1.5):

Let A be a subset of X, then 0 generalize-
closure of A (or brieflycl, (A)) is the
intersection of all 0-g closed sets which
contain A, that is:
cly, (A)=N{F = X : Fis 0 - gclosed, A c F}.

So if Ais 6-g closed, then A=cl,, (A).
Definition (1.6), [6]:

A set F in X is called Fo-closed if it is the
union of at most countably many closed sets.

Definition (1.7), [3]:
A space X is called Ty -space if every
2

g- closed set is closed.
Definition (1.8), [7]:

A space X is called an Lc-space if every
Lindelof subset of X is closed.
Definition (1.9), [1]:

A space X is called L (generalized-closed)
(or briefly L (g-closed)) -space if every
Lindelof subset of X is g-closed.

Definition (1.10), [1]:

A space is said to be L (6-closed) -space if
every Lindelof set in X is 0-closed.
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Definition (1.11), [1]:

A space X is said to be L (6-generalized
closed) (or briefly L (6-g closed))-space if
every Lindelof subset of X is 6-g closed.

2. Generalization of L (0-generalized
closed) - spaces.

In this section, we give a generalization
of L(B-generalized closed)-spaces namely
0-generalized L; (or briefly 6-gLi), where
i=1,2,3,4 and investigate their relationships
with L(0-g closed)- spaces as well as among
themselves and study some of their properties.

Definition (2.1):

A set A is said to be Fo-0-generalized
closed (or briefly Fo-0—g closed) if it is a
countable union of 0-generalized closed sets.
So every 0- g closed set is Fo-0- g closed set,
but the converse is not true in general as in the
following example.

Example (2.2):
Let X=R, be the real line with the usual

topology. The sets G, = [1,1] n=2,3.4,...
n
are 0-closed sets which implies they are

0-g closed. But G = JG, = [1,1] = (0,1].
n=2 nm2 N
Then G is Fo-0-g closed, but it is not closed,
which implies it is not 6—closed.

To show that (0, 1] is not 0-g closed.

For all Uer, with0e U, such
thatUN(01]=¢ also cl(U)m(01]#¢,
which  implies  clo(U)~(01]= ¢,  since
cl(U) ccly(V).
Now  we
definitions.

Definitions (2.3):
A topological space X is called

1. 6-generalized L; (or briefly 6-gL;) -space
if every Lindelof Fo-6-g closed set is
0-g closed.

2. 0-generalized L, (or briefly 6-gL,) -space if
L is Lindelof subset of X, then cl, (L) is

Lindelof.

3. 0-generalized L (or briefly 6-gLs) -space
if every Lindelof subset of X is an Fo-
0- g closed.
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4. 0-generalized L4 (or briefly 6-gL,) -space if
L is Lindelof subset of X, then there is a
Lindelof Fo- 0-gclosed set F withL c F <

cly, (L).

Proposition (2.4):

If X 'is an L (6-g closed) - space, then X is
a 0-g Li-space, where i=1,2,3,4.

Proof:

For i=1, let Kc X be a Lindelof Fo-6-g
closed set. Since X is L(0-g closed)- space,
then K is 6-g closed. Therefore X is
0g-L;-space.

For i=2, let A be a Lindelof subset of X, then
A is 6-g closed, that is, A= cly, (A), socly,

(A) is also Lindelof. Hence X is 6g-L,-space.
For i=3, let B be a Lindelof subset of X, then
B is 0-g closed and so B is Fo- 0-g closed set.
Hence X is 0-g Ls-space.

For i=4, let L be a Lindelof subset of X, then L
is 0-g closed, so it is Fo- 6 -g closed set.
Therefore

Lcblc cly (L) and this implies that X is

0-gLs-space.

Proposition (2.5):
Every space which is 6-gL; and 0-gL4 is
0-gL,- space.

Proof:

Let A be Lindelof subset of 6-gL; and
0-gL4 space X. Then there is a Lindelof Fo-
0-g closed set F such that AcFc cly, (A).

Since X is 6-gL;-space, then F is 6- g closed,
that is, F= cly, (F), but AcF, then cly, (A)

c cly, (F) =F, which implies that F = cl,, (A).
But F is Lindelof so cl,, (A) is also Lindelof.
Hence X is 6-gL,- space.

Proposition (2.6):
Every 6 -gLs-space is 6-gL4-space.

Proof:
Let A be Lindelof subset of X, then A is

Fo- 0-g closed set. Since AcA < cIeg (A).
Put A=F then, AcFc cIeg (A).Therefore X is
0-gL4-space.

Definition (2.7):

A subset A of a space X is called 6-g dense
if cly, (A)=X.
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Proposition (2.8):
Every 6-gL,-space having a 0-g dense
Lindelof subset is Lindelof.

Proof:
Let K be a Lindelof 6-g dense subset of 0-g

Lo-space X, so X=cl,, (K) is also Lindelof.

Definition (2.9):

Let A be a subset of X, a point x € Ais
said to be 0O-generalized interior (or briefly
0-g int) point of A, if there exists a 6-g open
set U such that xeUc A.The set of all

0-g interior points of A is denoted by int,
(A). Also A is called 6-g open if A= int,, (A).

Definition (2.10):

A space X is said to be 0-gT, if for
every distinct points x and y there are two
0-g open sets U and V such that
xeUygUandxgV,yeV.

Theorem (2.11):
A space X is 0-gTy, if and only if every
singleton set is 6-g closed.

Proof:

Assume every singleton subset {x} of X be
0-g closed. We have to show X is 0-gT;.
Let x and y be two distinct points of X. But
X-{x} is a 6-g open set which contains y but
does not contain X, similarly X-{y} is a
0-g open set which contains x but not contain
y. Hence X is 0-g Tj.

Conversely let X be 6-gT; and let x be any
point of X. To show that X-{x} is a 6-g open,
let y eX-{x}, then y = Xx.Since X is 6-gT1, SO

there exists a 6-g open U, such that ye Uy
andx ¢ U, .1t follows that yeU, < X-{x},

that is y is an 0-g interior point of X-{x}.
Hence X-{x} is 6-g open set, therefore, {x} is
0-g closed set.

Proposition (2.12):
Every 6-gLs-space is 6-gT1-space.

Proof:

Let X be 0-gLs-space and xe X, to prove X
is 0-gT-space, it is sufficient to prove {x} is
0-g closed set. Since {x}is countable, then it is
Lindelof in X.
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But X is 0-gLs space, then {x} is Fo-0-

gclosed set, that is, {xj=|JU;, where U,is
iel

0-g closed for each i€l and I is a countable

set, this implies {x} is 6-g closed. Therefore X

is 0-gT;-space.

Definition (2.13):

A topological space X is said to be
0-gp-space if every Fo- 0-g closed set is
0-g closed.

Remark (2.14):
Every 6- gp-space is a 6-gL;-space.

Proposition(2.15):[4]
Let AcY cX.
(i) if Ais 0- g closed relative to Y, Y is
0 - g closed and open subspace of X, then A
is 0- g closed in X.
(i) if Ais 06-g closed in X, then A is
0 - g closed relative to Y.

Theorem (2.16):

The property of space being 6-gLs3 Is a
hereditary property.
Proof:

Let X be a 6-g Lz and Y is a subspace of X.
To show Y is also 8-gLs. Given L is a Lindelof
subset of Y and so L is Lindelof subset of X,
then L is Fo- 0-g closed in X, that is, there

exists a family {E }ie, of 6- g closed sets in X

such that L = UE , where | is a countable set.
iel

By setting F =Y F, one can get F is 6-g

closed in Y for each i.

LeLY=URNY=UENY=UF"

iel iel iel

So L is Fo- 6-g closed in Y. Hence Y is 6-g
L3 -space.

Theorem (2.17):

The property of space being 6-g L; is a
hereditary on an open and 6-gclosed set.
Proof:

Let Y be a 0-closed subspace of 6-gL;
space X. To show that Y is 6-gL;.
Suppose that L is a Lindelof Fo-6—g closed
subset of Y, that is, there exists a family

{E }iel of 6-g closed sets in Y, such that
L:UFi . S0 Fiis 0-g closed set in X for each i

iel

(by proposition)



(2.15(i)). Hence L=[JF is Lindelof Fo-6-g
iel

closed in X, Since X is 0-gLj, then L is
0-g closed in X. But LcYcX, then L is
0-g closed in Y by proposition (2.15(ii)).
Hence Y is 6-g L;.
Definition (2.18):

Let A be a subset of space X. A point
X € Xis said to be 0-g adherent point of A if

cl(U)JA=¢, where U is open set

containing x. The set of all 0-g adherent points
of A is 6-generalize- closure of A.

Proposition (2.19)
Let Y be open subset of X and KcY,

then Cleg (K)iny = Cleg (K)inXﬂY :
Proof:
Clearly:

Clog (K)iny = Clog (K)i [ )Y v (1)
Now, to show that:

Clog (K)inx [ Y < Clog (K) iy -If
xe cly (K)x[ Y, then xe cly(K),x and
xe Y. If xe ¢l (K) . then clg (U)K = ¢

where U is open subset of X and x e U, but
K=YNK.

So cly(U)x YY)[] K=, but
Clo(U)inx[ Y =cly(U),,y (since if Y be open
subset of X and K c Y, then
Clo (K)ipy = Clo (K)ix[ Y [4]). Hence
cly (U)K # ¢, which implies

X € Clog (K)jny Cleg(K)inxﬂY < Clog (K)iny

From (1) and (2) we get:
Cleg(K)inY = CIGQ(K)inXﬂY .
Lemma (2.20), [4]:
A space X is T,,if and only if every
0-g closed set is closed.

Theorem (2.21):
Let X be a Lindelof, T,, and 0-gL.- space.

Then any closed and open subspace of X is
also 0-gL..
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Proof:
Suppose Y is a closed, and open subspace
of X. If K'is Lindelof set in Y, so it is Lindelof

in X, which is 6-gL2-space, then cl,, (K)in X
is Lindelof in X. Also cl,, (K) is closed in X,
since X is Ty, 80 Clyy(K);,x MY is closed in
Y. Since:

Cleg(K)inY = Cleg(K)inXﬂY

by proposition(2.19), then cl,, (K)in v is closed
in Y, But Y is Lindelof, hence cly, (K)in v
Lindelof in Y. Therefore Y is 6-gL, space.
Theorem (2.22):

The property 6-gL, is hereditary on
0 -closed property.

Proof:

Let Y be a 0-closed subspace of 6 -gLs-
space X, so Y be a closed subspace of X, since
every ©O-closed set is closed. And L be a
Lindelof in Y, then L is Lindelof in X, which
is 0-g Lg-space, then there exists Lindelof
Fo-6- g closed set Fin X such that F=[JT,,

jel

where Tj is 6-g closed in X with Lc Fc cIeg
(L)inx .

Set K=Y[|F, Y is closed in X, then K is
closed in F, but F is Lindelof in X, so K is
Lindelof in F and so it is Lindelof in Y. To
show that K is Fo-6-g closed in Y. Since
K={JT(Y). andT,()Y is 6-g closed in X,

Jel
since the intersection of a 0-g closed set
and a 6-closed set is always 0-g closed [4].
HenceTjﬂY is 8-g closed in Y by proposition

(2.15(ii)). Therefore K is Fo-6-g closed
in Y, but L=L[YcKccly(L),xNY=
Cleg(L)inY '
Therefore Y is 0-gL.
Theorem (2.23):

Let X be a T, space, then X is L(6-g
closed) —space if and only if it is 6-gL; -space
and 0-gL, -space.

Proof:

Assume if X is an L (0-g closed), then it is
0-gL: and 0-gL by definition.
Conversely, suppose L be a Lindelof set in X
and xgL. But X is Ty, so for eachyel,
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there exists an open set Vy containing y with
x cl(Vy). Therefore Lc | {V, :yeL}, but L

is Lindelof, then there exists a countable set
C c L, such that:

Lc U{Vy :yeC}c U{CI(Vy) :yeC}.
For each yeC, cl(Vy) is closed so
L~cl(V,)is closed in L, but L is Lindelof in

X, then Lncl(V,)is Lindelof in L, which
implies it is Lindelof in X . But X is 0-gL;,
then cly, (L cl(V,)) is Lindelof.

Now if W =( Jcl,, (LNcl(V,)):yeC}. Then

W is a countable union of Lindelof sets
which implies it is also Lindelof, also W
is a countable union of 6Og-closed sets
which implies it is Fo-0-g closed. But X
is 0-gL;- space, then W is 0-g closed. But

xeLncl(V,), xg{cl, (L(cl(V,):yeC},
that is, x ¢ W.

Since L = | J{cl(V,):y eC},

soL < | {Lclv,):yeC},

Clog (L) = [ H{ele (LCIV,) :y eCH=W.
Therefore xgcly (L), that is x is not
0-g adherent point of L. Hence L is 6-gclosed.
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