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Abstract

Let R be a commutative ring with identity and Let M be left R — module. A submodule N
of an R- module M is said to be approximately-pure submodule of M (for short AP-pure), if
NNIM = INH(R)MN(NNIM), for each ideal I of R. the main purpose of this paper is to develop the
properties of modules with the approximately- pure intersection property.
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1. Introduction 3. Let M be an R-module and let N be AP-pure
In this paper we assume R is commutative submodule of M. if A is a submodule of M
ring with identity and all modules are unitary containing N, and ] (R) M n A =J(R) A
left R-module. A submodule N of an then N is AP-pure submodule of A.
R-module M is called pure submodule, if for 4. Let M be an R-module and let N be AP-pure
every finitely generated ideal 1 of R submodule of M. If H is a submodule of N,

IMANN=IN, [1]. Following [2], an R- module
M has the pure intersection property (for short

PIP), if the intersection of any two pure 5 Let M be an R-module. Let N and H be

then N is AP-pure submodule of M .
H H

submodules is again pure. We introduce the submodule of M, If H is AP-pure
concept of an R-module M has approximately- N
pure intersection property (for short AP-PIP). submodule of M and T is  AP-pure
We prove that if N be AP- pure submodule of M
an R- module M, then M, has AP-PIP if and submodule of E’ then N is AP-pure
.~ M "
only if N has AP — PIP, see proposition (2.3). submodule of M.
2.Properties of module which has Proof:
1. Clear.

approximately-pure intersection

property:

Recall a submodule N of an R-module M is
called approximately- pure (briefly AP-pure) if
NN IM=IN+JRM N (N n IM), for each

2.Let I be an ideal of R, since N is AP- pure in
M and H is AP-pure in N, then N n IM = IN
+JR)M N (NN IM)and H "IN = IH
+J(R) N n (H n IN) but H <N, therefore:

ideal I of R, where J(R) is the Jacobson radical HAIMc NN IM
of R. It is clear that each pure submodule is =IN+HI(R) M (N 1 IM)
AP-pure submodule, but the converse is not and hence:
true in general see [3, remark (1.2.14)]. HAIMc [INHR)MN(NNIM)]nH
Remark (2.1): = (HNINHI(R)M N (N " IM N H)
I.Let M be an R- module and let N be a = ([HHJ(R)N ~ (HNIN) + (R)M
summand of M, then N is a AP-pure N (HANIM)
c IH+J(R) M n (H N IM)

submodule of M. i
2.Let M be an R- module and let N be Since IH +JR) M n (H NIM) ¢ H N IM,

AP- pure submodule of M. If H is AP-pure then:

submodule of N, then H is AP-pure HnIM=IH +J(R) NN (HN IM)
submodule of M. 3.Let I be an ideal of R, since N is AP-pure in
M, then
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NNAIM=IN+JR)MnN (NN IM).
But A <M, therefore:
NNIAc NN IM
=IN+JR)M N (NN IM)
and hence
NN IA c [IN+J(R) M (NNIM)] N TA
=IN+J(R) M n (NNIA)
=IN+J(R) M N (ANNNIA)
=INF(JR)MNA)ANNIA)
=IN+J(R) A n (NNIA)
Since IN +J(R) A N (NNIA) < NN IA, then
NNIA=IN+JR)An(NNIA)
4.Let I be an ideal of R, since N is AP-pure
submodule of M, then:
NN IM=IN+J(R) M n (N nIM)

N I(%):Em IM+H

So m N q T

_ (NNnIM)+H

SiEEr—

_IN+IJR)MN(NNIM)+H

- H

_ IN+H JRIMN(NNIM)+H

H H
[J(R)M+H]N(NNIM)
H

JROM+H - NnIM

H H
=1 IR M Ao B

=I(4p) +

=I(4p) +

1)+ M A Fardhy
5. Clear.

Definition (2.2):

An R-module M is said to have the
approximately pure intersection property (for
short AP-PIP) if the intersection of any two
AP- pure submodules is again AP- pure.

Proposition (2.3):

1. If an R-module M has the AP- PIP, then
every AP- pure submodule of M has the
AP-PIP.

2.Let N be AP-pure submodule of an
R-module M. M has AP- PIP if and only if

M .
N has AP-PIP.

Proof:
1. Clear

2. (=)
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LetA B

N’ N be two AP-pure submodules of

M and let K be an ideal in R. We want to
N

show that:
A B M,_gA~B M
(NmN)mK(N) K(NmN)JrJ(R)Nm

A~B M
(& L)k
We claim that each of A and B is AP-pure in
M.
To show this, let I be an ideal in R and let

x € A n IM. Since %,
then:

A yMy_1A M (A (M
&A1) =12 )IR) M AR A1),
Thus:

A

N

is AP-pure in

Zp>

M+N _ IA+N+(J(R)M+N)
N N N

A (IM+N
(& (N
and this implies that:

A1

AN(IM+N)  [A+N N
N - N
(J(R)M+N)N(AN(IM+N))
N
_(TA+N)+(J(R)M+N)N(AN(IM+N))
= N ,

Therefore:

A N (IM+N) = 1A+ J(R) M n (ANIM) + N,
and hence:

(ANIM) + N=TA+JR)M N (A NIM) +N
Since x € A N IM < A N (IM+N), then:

x e [A+JR)M N (ANIM)+N
Let x =w + m + n, where w € A and m €

JRIMN(AnIM)andn € N

Now, consider:

n =x-w-meNNIM = IN+HJ(R)MN(N nIM)

cIA+J(R)MN(ANIM)
and hence A is AP-pure in M. Since M has the
AP-PIP, then A N B is AP- pure in M.
Thus (A N B) N KM = K(A mNB) + J(R)M N
((AnB) N 1IM)

Now, let Xe(% m% )mK(% ), then x=w+N,

where w € KM, and

x=a+N =b +N, wherea € A and b € B.
Thusw —ae Nc A, w—-b e Nc B and
hence w € A N B.
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Thus:
we(AnB)NnKM=K(AnB)+JRMnN
((AmB) NKM)
_ AnB \ _ A B
Thenx=w+ N e K( N ) K(NmN)

< K(% m% )+J(R)% m((% m%) N
K&

(«<=) Conversely let E and F be AP- pure
submodule of M, let N be a submodule of E

and N be a submodule of F then %

is AP-pure submodule of % Since

F
and N
M
N has

E~E EnF

N N N
submodule of%. Therefore E mn F is

AP-PIP, then

is AP- pure

AP-pure submodule of M. W

Theorem (2.4):

Let M be an R- module, then M has the
AP-PIP if and only if:
IANIB)+JRIMN((ANnB)nIM)=1I(A N
B) +JR)M N ((A N B) N IM)
for every ideal I of R and for every AP-pure
submodule A and B of M.

Proof:
Suppose M has the AP-PIP then for each

AP-pure submodules A and B, AnB is AP-
pure. Let I be an ideal in R, then
(ANB)NIM = I[(AnB)+J(R) M ((ANB)NIM)
It 1s clear that:
I(AnB) + J(R)M ((AnB)NIM) < (IANIB) +
J(R) M((A N B) n IM)
But IANIB)+JR)M N (ANnB)nIM)
An(BNnIM)=(AnB)nIM

=1(An B) +J(R)M N ((AnB) N IM)

Thus:
IANIB+JRMN((ANnB)N"IM)=I(An
B) +JRM N ((A N B) N IM)

Conversely, let A and B be AP-pure
submodule of M and I an ideal in R. Then:
AnNnBNnIM=AnBnNnIM)=An (B +
JRM N (B N IM)

Similarly:
ANnBNnIM=Bn A+ JRMnN (BN IM)
But A, B are AP- pure in M. Thus:
ANBNIM c TANIB + J(R)MN(ANBNIM)

=1(APB) +JR)M (ANB NIM). =
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Theorem (2.5):

Let M be an R-module, then M has the
AP-PIP if and only if for every AP-pure
submodules A and B of M and for every R-
homomorphism f: A m B——>, M such that:
ANImH+IJR)MN(A+Imf nIM) = {0}
and A + Im f is AP-pure in M, ker f is
AP- pure in M.

Proof:
Assume that M has the AP-PIP. Let A and
B be AP-pure submodules of M and

f: An B—— M, be an R- homomorphism
such that A » Im f = {0} and A +Im f is
AP- pure in M.

Let T = {x+f(x), x € An B}

It is clear that T is a submodule of M.

To show that T is AP- pure in M. let I be an
ideal in R and

n
y= Z rimieTmIM,rieR,mieM
i=1

Hence:

n
y= Y rm=x+f(x) for some x € AN B.
i=1

Since:

n
y= Y rm=xH{x) € AnB+Im f ¢ A+Im f
i=1

and A + Im f'is AP-pure in M. Thus:
n
y=> rm e (A+ImHNIM=1(A+Imf) +

i=l1

JRM N ((A+ Im f) n IM)
n n
Therefore Y rimi= > ri(xi+y) +k

i=1 i=1
xie A,yieIlmf,Vi=1,2,..,nkelJR)M
N (A+Imfn IM)

n n n
Thus y = Z rim; = Z IiX; + Z riy; + k,

hence
n n

X—Z TiX; Z riyi—f(x)+ke(AmImD
i=1 i=1

+JRM N (A+Imf) A IM) =0

n
Therefore x = z rixi € (AN B) N IA.
i=l
But A n B 1s AP-pure in M, hence is AP-pure
in A. Thus:
(AnB)NIA = I(ANB)+HJ(R)MN((ANB)NIA).
Thus x € I (AnB) + J(R) A N ((AnB) NIA)



n
Letx= > riwith,wi e AnB,h e J(R) An
i=1

((AnB) N IA).
Then f(x) = i rif (wi) + f(h)

i=l1

Now:

y=x+f0= 3w+ nftw )+ f(h)

i=l1 i=l1

= i ri(witf(wi))+f(h) € ITHJ(R)MN(TNIM)
i=l1

Thus TAIM=IT+JR)MN (TN IM)and T
is AP-pure in M.
Next, we show that ker f=(ANB) T
Let x € ker f, thenx € AN B and f(x) =0
Hence x € T, Now let x € (A n B) N T, then
x=y+1f(y), y € An B, then:
x-y=fy) e AnImf

< (ANIm f) + JR)MN(A + Imf~IM) =0
Therefore f(x) = f(y) =0 and x € ker
Since M has AP-PIP, then (A n B) N T = kerf
is AP-pure in M.
Conversely, let
submodules of M.
Define f=A N B—— M, by:
f(x) =0,V x e AnB. Itisclear:
ANImH+IJRMNA+ImfNIM)=0
and A + Im f= A is AP- pure in M, then:
kerf=ANBis AP-puren M. R

By the same argument one can prove the
following:

Theorem (2.6):

Let M be an R- module, then M has the
AP-PIP if and only if for every AP- pure
submodules A and B of M and for every
R- homomorphism f = A " B —— C, where
C 1s a submodule of M, such that:
ANCH+HIRMNA+CNnIM)=0
and A + C is AP-pure in M, kerfis AP- pure in
M.

Lemma (2.8):
Let M = @ M; where M; is a submodule of
iel
M V i and let W; be a submodule of M;, for
each 1, then if W; is AP- pure in M;, for each 1
then @ W; is AP-pure in M.

iel

A and B be AP-pure
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Proof:
Let J be an ideal ;, R and:

X = i I‘ij(@ WO(’\JM, Xj € (@Ml)

j=1 iel iel
then:
Xj= Z Mij , Mij S Mi, for eachi € I,
iel
thus:
n n
X = ZI‘JZH}U :Z ermu ,
j=1 1iel iel j=I1
since:

n
Y. mjjem;, M= @M;,
j=1 iel
then the element x can be written uniquely as
n n
Z Z rjm;;; but x € (-D wi, thus Z 6m;; € Wi,
iel j=1 1€l J=1
V 1, and hence:
n
Z rjmij € W; NIMi=Jw; + J(R)Mi N (Wi ﬁMi)
j=1
(Because W; is AP- pure in M;) So
n n
Z rjmij = Z erij +h, hGJ(R) M; N (WiﬁJMi)
j=1 j=1
W;; € W, for each j. Thus:

n
X= 2 2 GWj;

iel j=1
n
= ZI‘JZWU +he J(@ Wi) +J(R)(®Ml)
j=1 iel iel iel

N (A WinJ(@M).

iel iel

The converse is true when
JRIMNnWi=J(R)W,.

Lemma (2.9):
Let M = @ M; where M; is a submodule of
iel
M, V 1 and let W; be a submodule of M;, for
each 1, then if @ W; is AP- pure in M, and
iel
J(R)M; N W =J( R) W;j then W;j is AP- pure in
M;, for eachi.

Proof:
Assume that @ W; is AP- pure in M. since
iel
W; is a summand of W;, then W; is AP- pure in
@W;. But ®W; is AP- pure in M, so W;is
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AP-pure in M since W; is a submodule of M;,
then W; is AP- pure in M;.

Proposition (2.10):
Let M = @ M; be an R- module where each
iel
M; 1s a submodule of M. if M has the AP-PIP,
then each M; has the AP-PIP.

Proof:

Suppose that M has AP-PIP. Since M; is a
summand of M, then M; is AP- pure in M and
hence M; has the AP-PIP.
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