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Abstract

A semi generalized Cartan G-space is the main aim in this paper.We get the following results:
(1) A Cartan G-space is semi generalized Cartan.
(11) A semi Cartan G-space is semi generalized Cartan.
(111)We study this space (semi generalized Cartan G-space) and give enough examples and theorems
about it, where we study its properties, subspace, and the equivariant homeomorphic image.
(iv) We prove that a G-space X is semi generalized Cartan if X has a star thin semi generalized

open set.

1. Introduction

A Cartan G-space is introduced by Palais
in [12]. A semi Cartan G-space is introduced
in [2]. In this paper, we study a semi
generalized Cartan G-space in section 3. On
the other hand, we introduce the definition by
depending on a semi  generalized
neighborhood which itself depends on the
concept of a semi generalized open set in [13].

Recalling that a G-space X is compact if
each open cover of X has a finite subcover,
and X is a locally compact if each point of X 1s
contaimed in a compact neighborhood.
Besides, its completely regular whenever A is
a closed set in X and xgA, there is a
continuous function f:X—I such that f(x) =0
and f(A) =1.

Throughout this paper we take X to be a
completely regular and Hausdorff space and G
to be locally compact but not compact
toplological group.

2. Preliminaries
In this section, some definitions and

theorems are given which are used in this
work.

Definition 2.1 [3]:

A topological transformation group is a
triple (G, X, m) where G 1s a topological
group, X is a topological space and © : G x
X — Xis a function satisfies :

(1) m is continuous.

(1) (e,x) = x for each xe X, where e is the
identity for G.

(1) (g1, T (g2,X)) = m (g1 &, x) for all xe X
and g1, & € G.
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The function 7« is called an action of G on
X. The space X togather with m is called a
G-space.(or more precisely a left G-space).

Definition 2.2 [8]:

Let X be a G-space. A subset A of X is
mvariant under a subset S of G if SA < A
where SA={sa | seS,acA}.

Definition 2.3 [8]:

A subset A of a topological group G is
syndetic in G if there is a compact subset K of
G such that G = AK.

Definition 2.4 [3]:

The subgroup Gx = { geG |gx =x} ofGis
called the isotropy subgroup (or the stability
subgroup) of G at x.

Definition 2.5 [8]:
Let X be a G-space and x € X. Then the
point x is said to be :
(1) Fixed point if gx = x for each ge G.
(1) Periodic point if Gy is syndetic in G.

Definition 2.6 [1]:

Let X be a G-space.A subset S of X with
S # X is called a star if for each xeX there
exists geG such that gxeS.

Definition 2.7 [3]:

Let (G, X,m1y and (G,Y,m2) be G-spaces. A
continuous function A:X—Y is called an
equivariant function if A satisfies :

For each ge G, x €X, Mm; (g, X)) = 12 (g,
A(x)). Or simply, A (gx) =g A (X).




Definition 2.8 [12]:

If U and V are subsets of a G-space X,then
U is thin relative to V if the set (U,V)) = { ge
Gl gU NV = ¢ }is relatively compact in G.If
U is thin relative to itself, then it is said that U
is thin.

Definition 2.9 [12]:
A G-space X is a Cartan G-space if every
point of X has a thin neighborhood.

Definition 2.10 [9]:
A subset A in a topological space X is
semi open if there exists an open set O such

that OcC A 0.
S.O(X) will denote the class of all semi
open sets in X.

Definition 2.11 [11]:

The union of all semi open sets containing
in a subset A of a topological space X is called
the semi interior of A,denoted by A*

Definition 2.12 [4]:

A subset A in a topological space X is
called a semi neighborhood of a point x in X if
there exists a semi open set U in X such that
xe UcCA.

Definition 2.13:

(1) A subset A of a topological space X is
called a semi closed if X-A is semi open. [5]

(1)The tersection of all semi closed sets
containing A is called the semi closure of A.

-s
It is denoted by 4 . [11]

Theorem 2.14 [14]:

Let F be semi closed subset of a
topological space X and let Y be an open
subset of X. Then F N Y is semi closed in Y.

Theorem 2.15 [14]:

Let Y be a subspace of a topological space
X. If Ae S.O(Y), then there is a subset K of X
suchthat K € S.O(X)and A=K Y.

Definition 2.16:

Let f be a function from a topological
space X into a topological space Y. Then f is
called :

(i) Irresolute if £ '(O) is S.0 in X for each S.0

subset O of Y. [7]

(1)) Semi open if f{O) is S.O in Y for each

open set O in X. [11]

(1i1) Semi closed if f(F) is semi closed in Y for

each closed set F in X. [11]
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Theorem 2.17 [6]:

Let f be a continuous semi open function
from a topological space X into a topological
space Y. If A is semi open in X, then f(A) is
semi openin Y.

Definition 2.18 [10]:

A function f from a topological space X
into a topological space Y is a semi
homeomorphism if f satisfies:

(1) fis one-one and onto.
(11) f'is continuous .
(111) fis semi open (or semi closed).

Definition 2.19 |2]:

A G-space X is called a semi Cartan G-
space if every point of X has a thin semi
neighborhood.

Definition 2.20 [13]:
A subset A of a topological space X is
called a semi generalized closed (written

sg-closed) if A < U whenever A c U and U is
semi open in X.

Definition 2.21 [13]:

A subset A of a topological space X is
called a semi generalized open (written
sg-open) if X-A is sg-closed.

Theorem 2.22 [13]:

A subset A of a topological space X is
sg-open in X iff F ¢ A® whenever F is a semi
closed subset of X and F < A.

Definition 2.23:

A subset A of a topological space X is
called a semi generalized neighborhood
(written sg-neighborhood) of a point x in X if
there exists an sg-open set U in X such that
xeU c A.

Theorem 2.24:

Let f be a semi homeomorphism and an
irresolute function from a topological space X
into a topological space Y. If A is an sg-open
set in X, then f(A) is an sg-open set in Y.

Proof:

Let F be a semi closed subset of Y such
that F < f(A).
Sof! (F)cf™ f(A).
Since fis 1-1, then f ' (F) c A.

Because f is irresolute, then f ' (F) is semi
closed in X.
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We have A is sg-open in X. So by 2.22 we get
1 (F)c A™

Hence f £ (F) < f(A%).

Since f'is onto, then F < f{A®).

Now to show that flA”) < [f(A)]*.

Since A” < A, then f{A”)  f(A).

Since f is semi open and continuous, then by
[2.17] f{A®) is semi open in Y.

Because [f(A)]” < f(A) and since [f(A)]” is
the largest semi open set which is contained in
f(A).

Hence f(A”)
F < [f(A)]™.
Thus by 2.22 f(A) is sg-open in Y.

[f(A)]*, which leads to

Theorem 2.25:

Let X be a topological space and Y be an
open subspace of X. If A is sg-open in X, then
ANYissg-openinY.

Proof:
Let Fy be a semi closed subset of Y such

that Fyc AnY.

So Fyg A.

Since Fy is semi closed in Y, then by [ 2.15]
Fy=FNY where F is semi closed in X.

Hence FNY c A.

Since F is semi closed and Y is open in X,
then by [2.14] is FNY is semi closed in Y.
Since A is sg-open in X, then by [2.22]
FNY < A%,

That is Fy < A”.

Then Fy Y < A” NY.

Which leads to Fy < A® NY.

Hence A N\Y c A NY.

But we have (ANY)] < A NY, and since

(ANY)' is the largest semi open set which is

contained in A NY.
So A” NY < (ANY)Y

Y o
Fyc (ANnY)'.
By 2.22 we get ANY is sg-openin Y.

and that leads to

Remark 2.26 :

(1) If U and V are relatively thin, then so are
any translates g,U and g,V. In particular if
U is thin,then any two translates of U are
relatively thin. [12]

(i) A closed subset of a locally compact space
is locally compact. [15]
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(1) A closed subset of a compact space is
compact. [15]
3. Main Results
Here we introduce a new G-space, which
we call a semi generalized Cartan G-space,
which is weaker than a Cartan G-space and a
semi Cartan G-space. Besides, we give
examples and theorems.

Definition 3.1:

A G-space X is called a semi generalized
Cartan (written sg-Cartan) G-space if every
point of X has a thin sg-neighborhood.

i.e. VxeX 3 U (sg-neighborhood of x) s.t. the
set (UU)) = {ge GlgunU=¢}is
relatively compact in G.

Examples 3.2:
(1) (R,+) with the relative usual topology is a

locally compact but not compact topological
group and the set :

D={(x,y) € R*\{(0,0)} | x>0, y>0} with the
relative usual topology is a completely
regular T, space. Let R acts on D as
follows:

n : Rx D — D such that © (t, (xy)) =
(xe",ye") for each te R and (x,y) €D.

Clear that D is an R-space.See the figure
below.

[2] proves that D is a semi Cartan R-space,
and because every semi neighborhood is sg-
neighborhood,then D is an sg-Cartan R-
space.

A

A

O <

(i) (R\{0}, - ) with the usual topology is a
locally compact non-compact topological
group. Besides, R? with the usual topology
is a completely regular Hausdorff space.
Then R\{0} acts on R* as follows :
n : R0} x R* — R? is defined by
7 (1, (X,y)) = (rx,ry) for each re R\{0} and
(x,y) eR%.
Clear that R? is R\{0} -space.



But R? is not sg-Cartan R\{0}-space, since
(0,0) eR? has no thin sg-neighborhood
since for any sg-neighborhood U of (0,0)
the set ((U,U)) = R\{0} is not relatively
compact in R\{0}.

Theorem 3.3:
(1) A Cartan G-space is sg-Cartan.
(i1) A semi Cartan G-space is sg-Cartan.

Proof:

(1) Let xe X.
Since X is Cartan, then there exists U a thin
neighborhood of x.
Since every neighborhood is

sg-neighborhood.
So U a thin sg-neighborhood of x.
Hence X is an sg-Cartan G-space.

(i) By the same way in (i),and since every
semi neighborhood is sg-neighborhood.
We get X to be an sg-Cartan G-space.

Proposition 3.4:

If X is an sg-Cartan G-space, then for each
xe X the isotropy subgroup Gy at x is
compact.

Proof :
Let xe X.
Since X is sg-Cartan, then there exists U a
thin sg-neighborhood of x.
The next step is to show that Gx < ((U,U)).
Let ge Gy then gx x which leads to
gUnNU=#6.
Then ge ((U,U)).
Hence Gy < ((U,U)) which is relatively
compact in G.
By [2] Gyis closed in G.
Then by 2.26(iii) Gy is compact.

Theorem 3.5:

If X 1s an sg-Cartan G-space, then :
(a) There is no fixed point.
(b) There is no periodic point.

Proof :

(a) Let x € X such that x is a fixed point.

Since X is an sg-Cartan G-space, then x has U
as a thin sg-neighborhood in X.

Because x is a fixed point, then gx = x for each
geG.

So gU NU # ¢ for each geG.

That is (U,U)) =G.
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Since ((U,U)) is relatively compact in G, then
G 1s compact.

But G is not compact, which leads to a
contradiction.

Hence X has no fixed point.

(b) Let x € X such that x is a periodic point.
Then Gy is a syndetic subgroup in G.

That is there is a compact subset K of G such
that G = G4 K.

By 3.4 G 1s compact in G for each x € X.
Thus G is compact

But that leads to a contradiction since G is not
compact.

Hence X has no periodic point.

Theorem 3.6:

Let X & Y be G-spaces and Let A: X—>Y
be an equivariant,irresolute and a semi
homeomorphism function. If X is an sg-Cartan
G-space, then so 1s Y.

Proof :

LetyeY.
Since A is onto, then there exists xeX such
that A(x) =y.
Since X is an sg-Cartan G-space and xeX,
then x has U as a thin sg-neighborhood.

Since A is semi homeomorphism and
irresolute, then by 2.24 we have A(U) is a sg-
neighborhood of yin Y.

To show that A(U) is thin we have to prove
that ((U,U)) = ((A (U), A (U))).
Since A is 1-1 and equivariant function, then
ge (UU)«>gUnNU=do< A(gUNnU) =0
SA(EU)nNnAU)zdeogh(U)nA(U)=0d
> ge((MU),AU))).
Hence ((U, U))= (MU),A(1))).
Because ((U, U)) is relatively compact, then so
is (MU),A(U))).
Hence Y is sg-Cartan.
Theorem 3.7:

If a G-space X has a star thin sg-open set
U, then X is an sg-Cartan G-space.

Proof:

Letx € X.
Since U is a star set,then there is g € G such
that gx €U.
Hence x €g U
Since m, : X—X 1s semi homeomorphism and
irresolute for each geG,then by 2.24 g'Uis a
sg-open set of x.
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Since U is thin,then by 2.26(i) we get ((g ' U,
g ' U)) is relatively compact in G.

That is g ' U is a thin sg-neighborhood of x in
X

Thus X is an sg-Cartan G-space.

Theorem 3.8:

If X 1s an sg-Cartan G-space, H is a closed
subgroup of G and Y is an open subspace of X
which is invariant under H, then Y is an sg-
Cartan H-space.

Proof :

By [8], (HY)
transformation group.
Since Y is a subspace of X and X is a
completely regular Hausdorff space,then so is
Y.

Since G is locally compact and H is a closed
subgroup of G, then by 2.26(i1) H is locally
compact.

Hence Y is an H-space.

We are going to prove that Y is sg-Cartan.

Let ye Y. Then ye X.

Since X is an sg-Cartan G-space then y has U
as a thin sg-neighborhood in X.
LetU=UNY.

Since Y is an open subspace of X, then by
2.25 we have U’ to be an sg-neighborhood of y
nyY

Since (U, U)) < ((U,U)) and because ((U,U))
is relatively compact in G, then so is (U, U)).
Since H is a closed subgroup of G, then (U,
U)) is relatively compact in H.

Hence Y is an sg-Cartan H-space.

This complete the prove of the theorem.

is a topological
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