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Abstract

In this paper, we present the approximated solutions of special types of the nonlinear partial
differential equations in one dimension namely the nonlinear wave equations by using the
homotopy perturbation method. Some examples are solved to show the efficiency of this method
and a comparison is made with the Adomian decomposition method.

Keywords: homotopy perturbation method, nonlinear wave equations, Adomian decomposition method,
exact solutions.

1. Introduction V(X,t,p):(-¥,¥) [0,¥) [0 % B A
Consder the nonlinear wave equation in which satisfies

one dimension, [5]: H(v.p) = (1 p)[L(V)- L(uy)]+

117; g”o =f(x,1), - ¥ <x<¥, t30..() p[AW)- f (x,1)] =0

together with the initial condition: wh?(t:fr]]e;atv:lsforgss we can construct a homotopy v

u(x,0) =f(x), - ¥ <X<¥ i (2 v T,

This above initial value problem is solved by~ H(v,p) = (1- p) S I U,

Kaya in 1998, [4] by usng Adomian gnt :

decomposition method, [1]. This method is éqv adIVO """"" (5)

involved in the calculation of complicated e g - f(x, t)u 0

Adomian polynomials which narrows down its e Xg

applications. To overcome this advantage of where pl [01] and Uy is the initial

Adomian  decomposition method, we use  gpproximation to the solution of equation (1)
homotopy perturbation method, [2], [3] 10 \which satisfies the initial condition given by
solve the above initial value problem. equation (2).
2.Solutions of the Nonlinear Wave By using equation (5) it easily follows that

Equations:

Consider the initial value problem given by H(v,0) = N M (6)
equations (1)-(2). We rewrite equation (1) as t 1t
AU - FOGD) Z0 e (3) aéTVo

H(v,p) = -F(X1) =0 e, @)
where A(u)—m adIuo ﬂ gﬂ
8ﬂx 2 _
Then the operator A can be divided into two and the changing process of p from zero to
parts L and N where L is a linear operator unity is just that of H(v,p) from v u,
while N is a nonlinear operator. Therefore ’ mooqt
equation (3) becomes:
LUu+Nu-f(X, 1) =0 e, 4 .‘[IIT\t/ gﬂwo - f(x,t). In a topology, this is
where Lu-E and Nu—adTug. By using caled deformation v _ T, and
fit &x 5 ’ it 9t

[2], we <can construct a homotopy v adTV &

= - f(x,t) are called homotopic.
TR TR P
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Next, we assume that the solution of equation
(5) can be expressed as
V(X,1) = Vg (X, 1) +pvy (X, 1) +

p2V2 (X, t) + I_ .......................

Therefore the approximated solution of the
initial value problem given by equations (1)-
(2) can be obtained as follows:

u(x,t) = Iggzv(x, t)

The convergence of the series given by
equation (9) has been proved in [2].
By substituting the approximated solution
given by equation (8) into equation (5) one can
get:
S v Ty T,

AP0 T P
¥

pégeépﬂ c-)-f(xt)u 0
i=0 Xﬂ g

After smple computations one can obtain:
v, Tu, 0, &y, adTv o

R - - f(x,t
TR O ﬂt Yo )“p
LV, STV viu o
+2—2 +
NN
v, aeﬂvQ 7% LT AT
ST TS s TP
Therefore
0. fIvo  flu, _ 10
p: e (10.9)
gl '”“°+ad“’c-’-f ) =0 ..o (100
p: i Co s (x,t)=0........ (10.b)
o2 Ve, 2MM S T (10.c)
qt ix ﬂx

3_ﬂ ﬂv 0 ﬂVo v, _

: —= =0 10.e
g SﬂxQ ﬂx fix (10€)
Since u(x,d):f(x),then we  choose
Uo(x,t)=f(x) and this implies that

Uy(x,0) =f(x). Also, for simplicity we set
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Vo (X, t) =u,y(X,t) =f(x). Therefore by

substituting t=0 in equation (9) one can have:

¥
u(x,0) = q v,(x,0)

i=0
But v,(x,0) =f(x) and u(x,0) =f(x), hence
v,(x,0)=0,i =1,2,K.
So, eguation (10.9) automatically
staistiefied. By substituting
Vo(X,t) =uy(x,t) =f(x) into equation (10.b)
one can get:

is

Mt (x,1)- [f@Q]

By integrating both sides of the above
differential equation and by using the initia
condition v,(x,0) =0 one can obtain

Vi) = (6 y)dy - [feq)] t

By substituting vV, and V; into equation (10.c)
and by using the initial condition V,(X,0) =0
one can get:

eI (x,y)
(xt)—-zfttx)oeo fix dy“
dz+2fﬂ(x)[ft(x)]2t2

Then by subtituting V,, V; and V, into
equation (10.e) and by using the initia
condition v,(x,0) =0 one can get:

2

t &z
v,(x,t) = - @E@‘”?‘T’”dy- 2 QO 42 dz-
u

0€o
t 47, q2
of qx). of ({x)d‘x‘)%dydzzdzl-
000
tzz U
- 200350 2% Y gy, iz, ]
coo X ;,
2 4 T
+ S PO @))% + 2 Q[ f €x*t%
3 3 b
........................................... (13)
In a gSmilaa manner one can Qet
Vi (x,t), i =4,5,.... By substituting
v, (x,t), 1 =0,1... into equation (9) one can get
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the approximated solution of the initial value
problem given by equations (1)-(2).

3.Numerical Examples

In this section, we solve the same
examples that appeared in [4] by using the
homotopy perturbation method.

Example (1):
Consder the initial value problem that

consists of the nonlinear differential equation:
Su | adu &

=0, - ¥ <X<¥, t30... (14)
it &g
together with the initial condition:
U(X,0)=- X%, - ¥ <X<¥ oo (15)
Here f(x,t)=0 and f(x)=-x*. Therefore

Vo(X,t) =uy(x,t) =- x>. By subgtituting ¢
and f into equations (11)-(13) one can have:
v, 1) =- [fe0] t=-[-2x] t=-4x*

Vo (x,t) = 2 )| f €x)]*t2

=2(- 2)[- 2x[*t? = - 16x?t2

v, (x,t) =- td 2f gx)f €x)z]" dz

- of t(x)‘%l- %fd{x)[fﬂ(x)]zﬁ .

4 2,30
—fgx)[fa&x)| 3
3 €x)[f%x)] \6
t ) N 4 ..
=- g-8xz] dz- 2(-2x)} = (- 2)%(- 20)t°y
; '3 b
=- 64x°t°.
In a dsmilaa manner one can Qet
Vv, (x,t), i=45,.... Hence

¥
u(xt) =g v, (x,t) =-x2- 4x°t - 16x°t>
i=0

- 64x3- L
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=-x? gl+ 4t +16t% +64t3 +L§

zelu Xt

81 af at-1

This is the exact solution of the initial value
problem given by equation (14)-(15). Note that
this example is solved in [4] by the Adomian
decomposition method and it requires aso
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infinite number of iterations to get the exact
solution.

Example (2):
Consider the initiad value problem that

consists of the nonlinear differential equation:

Tu , afud =0, - ¥ <X<¥, t30... (16)
Y

together with the initial condition:

u(x,0)=ax, -¥<x<¥,al A ... (17)

Here f(x,t)=0 and f(x)=ax. Therefore
Vo(X,t) =u,(x,t) =ax. By substituting ¢ and
f into equations (11)-(13) one can have:

vi(x,t) =- [fqx)]" t=-a%

V,(X,t) =v,(x,1) =0

In a sSmilar manner
V.(x,t) =0, i =4,5,.... Hence

one can Qet

¥
u(x,t) =g v,(x,t) =ax - a’t

i=0
This is the exact solution of the initial vaue
problem given by equation (16)-(17). Note that
this example is solved in [4] by the Adomian
decomposition method and it requires also
only one iteration to get the exact solution.

Example (3):
Consider the initial value problem that

consists of the nonlinear differential equation:

Tu adTuo

- =1+cosh’x
Tt 8ﬂxg ................ (18)
-¥<X<¥, t30
together with the initial condition:
u(x,0)=anhx, -¥ <X<¥ ...oeriiennne (19

Here f(x,t)=1+cosh®’x and f(x)=sinhx.
Therefore

Vo(X,t) =uy(x,t) =sinhx. By substituting ¢
and f into equations (11)-

(13) one can have:

t
v,(x,t) = ¢f1+cosh® x)dy - [coshx]’ t =t.
0



AL (x ) g Y
v, (X,t) =-2f t(x)ogo dy ‘
° of G(x)[f O{x)] t?

t
=- ZCoshX(‘)Zcoshxsinh xzdz

+ 2sinh x cosh? xt?

= - 2sinh x cosh? xt? - 2sinh x cosh? xt?
=0.
' &2coshxsinhxz - o0

u dZ-
%cosh xsinhxz
| - 2cosh x(2coxh?x

2COShX| 3
1+25|nh2x)€-

Vy(X,t) =-

) t3 2 2 3U
4cosh xsinh XE+§coshx[coshx] "
y
+2 cosh x[sinh x]%t3 !

3 b

0.

In a sSmilar manner
V. (x,t) =0, i =4,5,.... Hence

one can Qe

¥
u(x,t) =é_ Vv (X,t) =sinhx +1t.

i=0

This is the exact solution of the initial

vaue problem given by equation (18)-(19).
Note that this example is solved in [4] by the
Adomian decomposition method and it
requires infinite number of iterations to get the
exact solution. But here we need only one
iteration to get the exact solution.

4. Conclusions

The homotopy perturbation method has
been applied for solving the initiad value
problem of the nonlinear wave equations.
Comparising with Adomian decomposition
method, this provides the exact solutions of the
nonlinear wave equations without the tedious
calculation of the Adomian polynomias. Also,
it requires a less number of iterations than the
Adomian decomposition method. This method
can been seen as a powerful method for
solving the above problems. Also, the
homotopy perturbation method can solve be
used to the non linear wave equation in two
dimensions.
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