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Abstract
In this work certain generalization of flat modules is consider relative to prime radical. We

extend some results on flat modules and study the relations between these modules with other
known modules.

Introduction
In this paper R stands for a commutative

ring with identity 1, and a module means a
unitary left R-module. The prime radical of an
R-module M denoted by L(M) is defined to be
the intersection of all prime submodules of M,
and in case M has no prime submodule then
L(M)=M [1]. Recall that an R-module M is
said to be flat if for each finite subsets

1 2{ , ,..., }nx x x and 1 2{ , ,..., }nr r r of M and R

respectively such that
1

0
n

i i
i

r x
=

=∑ there exists

elements 1 2, ,..., ky y y in M and ijs in R,
1 , 1i n j k≤ ≤ ≤ ≤ that satisfy the following
[2]:

1)
1

0 1
n

ij i
i

s r j k
=

= ≤ ≤∑

2)
1

1
k

ij i i
j

s y x i n
=

= ≤ ≤∑
The concepts of L-projective modules and

L-pure submodules were introduced as
generalizations of projective modules and pure
submodules respectively, an R-module M
is said to be L-projective if for each
R-epimorphism f: A → B (where A and B are
two R-modules ) and each R-homomorphism
g: M → B there exists an R-homomorphism
h: M → A such that )())(( BLMghf ⊆−o .
A submodule P of an R-module M is L-pure if

and only if for every finite sets }{ 1

n

iim
=

,

Mmi ∈ , }{ 1

n

jjb
=

, Pb j ∈ and Rrr ijij ∈},{

such that ∑
=

=
n

i
jijj mrb

1
, there exists

, 1ix P i n∈ ≤ ≤

such that

1

( ), 1
n

j ij i
i

b r x P L M j k
=

− ∈ ≤ ≤∑ I .[3]

A submodule N of an R-module M is said
to be lie over a direct L-summand of M if there
exists a direct decomposition M P Q= ⊕ with
P N⊆ and ( )N Q L M⊆I . [4]

L-Flat Modules
In this paper we introduce the concept of

L-flat modules with some of properties and
then we study the relation between this class of
modules with L-projective modules and L-
pure submodules.

First we give some properties for L-pure
submodules

Proposition:
Let M be an R-module, then

1- If K is L-pure submodule in H and H is L-
pure submodule in M, then K is
L-pure in M.

2- Every direct L-summand of M is L-pure.
3- If Pi is an L-pure submodule of Mi ,

i =1,2,…,ni then⊕ Pi is L-pure in⊕ Mi

Proof:
(1) For any finite sets }{ 1

n

iim
=

, Mmi ∈ ,

1{ }n

j j
b

=
, jb K∈ and Rrr ijij ∈},{ with

1

n

j ij j
i

b r m
=

= ∑ , there exists ih H∈ such that

1

( )
n

j ij i
i

b r h H L M
=

− ∈∑ I .

1

n

j ij i
i

b r h t
=

= +∑ where ( )t H L M∈ I ,then

1

,
n

j ij i i
i

b r h h H
=

′ ′= ∈∑ .
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Thus there exists ik K∈ such that

1

( )
n

j ij i
i

b r k w L M K
=

= + ∈∑ I which implies that

K is L-pure in M.
(2) Let M be an R-module and P is a direct
L-summand of M, there exists a submodule N
of M with M P N= + and ( )P N L M⊆I .
For a finite sets { } , { }i jm M p P⊆ ⊆ and
{ }ijr R⊆ with j ij ip r m= ∑ .
For each , i i ii m a b= + where ia P∈ and

ib N∈ then j ij i ij ip r a r b= +∑ ∑ or
( )ij i j ij ir b p r a P N L M= − ∈ ⊆∑ ∑ I thus

( )j ij ip r a P L M− ∈∑ I hence P is L-pure.
(3) Let 1 2M M M= ⊕ , for a finite sets

1 2{ }jx P P⊆ ⊕ , { }im M⊆ and { }ijr R⊆ with

j ij ix r m= ∑ where 1 2j j jx x x= + and

1 2i i im m m= + ,then

1 2 1 2j j ij i ij ix x r m r m+ = +∑ ∑ . Thus there exist

1 1jy P∈ and 2 2jy P∈ such that

1 1 1( )j ij ix r y L M P− ∈∑ I and

2 2 2( )j ij ix r y L M P− ∈∑ I .
Thus 1 2( ) ( )j ij ix r y L M P L M P− ∈∑ I I I

1 2( ) ( )L M P P= ⊕I .

Definition:
An R-module M is said to be L-flat if for

each finite subsets 1 2{ , ,..., }nx x x and
1 2{ , ,..., }nr r r of M and R respectively such that

1

0
n

i i
i

r x
=

=∑ there exists elements 1 2, ,..., ky y y

in M and ijs in R, 1 , 1i n j k≤ ≤ ≤ ≤ that
satisfy the following :

1)
1

0 1
n

ij i
i

s r j k
=

= ≤ ≤∑

2)
1

( ) 1
k

ij i i
j

s y x L M i n
=

− ∈ ≤ ≤∑

Let M be an R-module, and let F be a free
R-module over M. Let be the natural
projection from F onto M. Then there exists a
short exact sequence :

0 0iK F M→ → → →
where K=ker and i is the inclusion map
from K into F. Such a short exact sequence is
called a presentation for M.

The following theorem gives different
characterizations for L-flat modules.

Theorem:
Let M be an R-module. Then the following

statements are equivalent:
1) M is L-flat R-module.
2) For each presentation for M

0 0iK F M→ → → →
and for each element u K∈ , there exists an
R-endomorphism of F (may depend on u)
such that
a) ( )( ) ( )x L M x F− ∈ ∀ ∈o

b) ( ) 0u =

Proof:
Assume (1) and let u K∈ , there exists

1 2, ,..., nr r r in R such that

1
i

n

i
i

u r x
=

= ∑

Then
1 1

( ) ( ) 0
i i

n n

i i
i i

u r x r a
= =

= = =∑ ∑
Since M is L-flat then there exists

1{ }n

i i
b M

=
⊆ and ijs in R, 1 ,i n≤ ≤

1 j m≤ ≤ such that
1

0, 1
n

ij i
i

s r j m
=

= ≤ ≤∑ and

1

( ), 1
i

n

ij i
i

s b a L M j m
=

− ∈ ≤ ≤∑ Since is an

epimorphism there exists , 1,...,kjt R k∈ = l

such that
1

( )
k

n

kj
i

bj t x
=

= ∑ and

1

( )
k k

n

kj
i

t x a
=

=∑
Define an endomorphism of F on the basis
{ : }x ∈∧ as follows

1 1

( ) , 1
i k

n

ij kj
i k

x s t x j m
= =

= ≤ ≤∑∑
l

( )x x= for each 1 2, ,..., m≠
Now,

1 1

( ) ( ) ( ) ( )
i i k i

n

ij kj
i k

x x s t x x
= =

− = −∑∑
l

o

1 1

( ) ( )
k i

n

ij kj
i k

s t x x
= =

= −∑ ∑
l

1

( ) ( )
n

ij j i
i

s b a L M
=

= − ∈∑
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and
1 1

( ) ( ) ( )
i i

n n

i i
i i

u r x r x
= =

= =∑ ∑

1 1 1

( ) 0
k

n n

i ij kj
i i k

r s t x
= = =

= =∑ ∑∑
l

.

Assume (2), and let { : }x ∈ ∧ be a basis for

the free module F and let
1{ }n

i i
a M

=
⊆ and

1{ }n

i i
r R

=
⊆ such that

1
0

n

i i
i

r a
=

=∑ .

Let
1

n

i i
i

u r x
=

= ∑ then

1 1

( ) ( ) 0
n n

i i i i
i i

u r x r a
= =

= = =∑ ∑
Then keru ∈ . From (2) there exists an
R-endomorphism of F such that

a) ( )( ) ( )x L M x F− ∈ ∀ ∈o

b) ( ) 0u =

assume that
1

( )
k

ij ij
j

x s x
=

= ∑ then we have

1)
1

0 1
n

ij i
i

s r j k
=

= ≤ ≤∑

2)
1

( ( )) ( ) ( )
k

ij ij
j

s x a x x L M
=

− = − ∈∑
1 i n≤ ≤

Thus M is L-flat.

Remarks
1. It is clear that every flat module and every

L-projective module (hence every projective
module) is L-flat.

2. L-flat module with zero prime radical is flat.
3. L-flat module may not be flat for example:
Consider the Z-module

p
Z ∞ where p is prime

number. It is known that np p
n N

Z Z∞

∈

= U , let

{ }nS x n N= ∈ and let F be the free module
over S. Let na be a generator of the cyclic
subgroups np

Z of the group
p

Z ∞ consider the
short exact sequence

0 0iK F M→ → → →
where ( )n nx a= and kerK = . Let u K∈
then 1 2( , ,..., ,0,0,...)ku u u u= where iu Z∈ and

0 for ,iu i k k N= > ∈ . Define : F F→
as follows :

if
1

,
n

i i i
i

y t x t Z
=

= ∈∑ put ( ) i i
i k

y t x
>

= ∑ it is

clear that ( ) 0u = . Moreover,
p

Z ∞ has no
prime submodules [5], thus ( )

p p
L Z Z∞ ∞= .

Hence ( )( ) ( )
p p

y Z L Z∞ ∞− ∈ =o which
show that

p
Z ∞ is L-flat. But

p
Z ∞ is not flat

Z-module since Z is integral domain and
p

Z ∞

is not torsion free [6].
A ring R is said to be a nice ring if

L(R)M=L(M) for each R-module M.
Equivalently, R is nice ring if and only if
L(N) =L(M)∩N, for each submodule N of
M.[7]

Proposition:
Let R be a nice ring, M be an R-module

and P be a submodule of M. Then
1- If M /P is L-flat then P is L-pure.
2- If M is L-flat and P is L-pure, then M / P is

L-flat.
Proof :

(1) Let jp P∈ and
1

n

j i i
i

p r m
=

= ∑ where

,i ir R m M∈ ∈ then
1

0
n

i i
i

r m
=

=∑ /M P∈ but

M /P is L-flat, then there exists ijs R∈ and

1 2, ,..., /ky y y M P∈ such that

1

k

i ij j
j

m s y w
=

− =∑ and
1

0
k

i ij
j

r s
=

=∑ where

( / )w L M P∈
1

( )
k

i ij i
j

m P s y w P
=

+ = + +∑ then

1

( )
k

i ij i
j

m s y w P
=

− + ∈∑

Put
1

( )
k

i i ij i
j

p m s y w
=

= − +∑ , hence

1 1 1

( )
n n k

i i i i ij i
i i j

r p r m s y w
= = =

= − +∑ ∑ ∑

1 1 1

( )
n n k

i i i ij i
i i j

r m r s y w
= = =

= − +∑ ∑ ∑

1 1 1 1

n n k n

i i i ij i i
i i j i

r m r s y r w
= = = =

= − +∑ ∑ ∑ ∑

1 1

n n

i i i
i i

r m r w
= =

= +∑ ∑

Hence
1

( )
n

i i j
i

r p p L M P
=

− ∈∑ I .Thus P is

L-pure.
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(2) Let
1

/{ }n

i i
m M P

=
⊆ and

1{ }n

i i
r R

=
⊆ such

that
1

0
n

i i
i

r m
=

=∑ .

Then
1

n

i i
i

r m p P
=

= ∈∑ . But P is L-pure then

there exists
1{ }n

i i
p P

=
⊆ such that

1

( ) ( )
n

i i
i

p r p w L M P L P
=

− = ∈ =∑ I .

Hence
1

( ) ( ) ( )
n

i i i
i

r m p w L M P L P
=

− = ∈ =∑ I

1

( ) 0
n

i i i
i

r m p w
=

− − =∑

1

( ) (1 0. 0. ... 0. )
n

i i i
i

r m p w w w w
=

= − − + + + +∑ (n-

times)
1 1

0 ( )
n n

i i i i
i i

r m p w
= =

= − −∑ ∑ where

1 if 1
0 if 1{ i

i ir =
≠= and iw w= for each i . 

and since M is L-flat then there exists
, , 1 , 1ij is R y M i n j k∈ ∈ ≤ ≤ ≤ ≤ such that

1

( ) ( )
k

i i ij i
j

m p s y L M
=

− − ∈∑ then

1

( ) /
k

i i ij i
j

m p s y L M P
=

− − ∈∑ ,but i i im p m− = .

Thus
1

( / )
k

i ij i
j

m s y L M P
=

− ∈∑ which implies

that M /P is L-flat.
Theorem :

Let R be a nice ring, then every L-pure
submodule of L-flat R-module is L-flate.

Proof :
Let M be an L-flat R-module and P an

L-pure submodule of M. let 1 2{ , ,..., }nx x x P⊆

and 1 2{ , ,..., } ,nr r r R⊆ with
1

0
n

i i
i

r x
=

=∑ . Since M

is L-flat then there exist 1 2{ , ,..., }ky y y M⊆

and ijs in R such that
1

0, 1
n

ij i
i

s r j k
=

= ≤ ≤∑ and

1

( ), 1
k

ij i i
j

s y x L M i n
=

− ∈ ≤ ≤∑ . But P is L-pure

then there exists 1 2, ,..., ky y y′ ′ ′ in P such that

1

( ) ( )
k

ij i i
j

s y x L M P L P
=

′ − ∈ =∑ I [7]. Thus P is

L-flat.

The following theorem gives different
characterization for flat modules [8].
Theorem:

Let M be an R-module. Then M is flat if
and only if each presentation for M

0 0iK F M→ → → →
and for each u K∈ there exists an
R-homomorphism ∈End(F) that satisfies:
1. ( ) 0u =
2. ( )( ) ( )F F=o .

Recall that a submodule N of an R-module
M is called small in M if M K N= + implies
that M K= for each submodule K of M [9].
Proposition:

Every L-flat module with small prime
radical is flat.

Proof :
Let M be an L-flat R-module and L(M) is

small in M. Let 00 →→→→ MFK i

be a presentation for M where F is a free R-
module and )ker(=K . It follows that

)())(()( MLFFM +== o where
)(FEndR∈ . But L(M) is small in M, hence

))(()( FF o= . Thus M is flat [8].

It is known that if M is a finitely generated
R-module, then Rad(M) the radical of M is
small in M [9] and hence L(M) is small in M.
Corollary :

Every finitely generated L-flat module is
flat.
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