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Abstract

In this work certain generalization of flat modules is consider relative to prime radical. We
extend some results on flat modules and study the relations between these modules with other

known modules.

Introduction

In this paper R stands for a commutative
ring with identity 1, and a module means a
unitary left R-module. The prime radical of an
R-module M denoted by L(M) is defined to be
the intersection of all prime submodules of M,
and in case M has no prime submodule then
L(M)=M [1]. Recdl that an R-module M is
said to be flat if for each finite subsets
{x.,%,,...x,} and {r,r,,...,r.} of M and R

......

respectively such that 5‘ r.x; =0 there exists
i=1

elements y,,y,,....Y,
1£i £n,1£] £k
[2]1

1) asurI =

in M and S; in R,
that satisfy the following

1£ £k

Z)asijyi:Xi 1£i £n

j=1

The concepts of L-projective modules and
L-pure submodules were introduced as
generalizations of projective modules and pure
submodules respectively, an R-module M
is said to be L-projective if for each
R-epimorphismf: A ® B (where Aand B are
two R-modules ) and each R-homomorphism
g- M ® B there exists an R-homomorphism
h:M ® Asuchthat (foh- g)(M)I L(B).
A submodule P of an R-module M is L-pure if

and only if for every finite sets{ mi}inzl !

miM . {b} . bTPand{r}nlR

such that b =é_ r;m;, there exists
i=1

x, TP, 1£i £n
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such that

b, -ar”xll PILM), 1£j£k.[3]

A submodule N of an R-module M is said
to be lie over adirect L-summand of M if there
exists a direct decomposition M =P AQ with
PIi Nand N IQI L(M).[4]

L-Flat M odules

In this paper we introduce the concept of
L-flat modules with some of properties and
then we study the relation between this class of
modules with L-projective modules and L-
pure submodules.

First we give some properties for L-pure
submodules

Proposition:
Let M be an R-module, then
1-If K is L-pure submodule in H and H is L-

pure submodule in M, then K s
L-purein M.
2- Every direct L-summand of M is L-pure.
3-If P, is an L-pure submodule of M; ,
i =1,2,...,n thenA P; isL-pure inA M;
Proof:
(1) For any finite sets{ mi}_n_ , mi M,
{b.}?1 , b TK and {r,},r;,T R with

b, —ar”m , there exists h 1 H such that
b -ar”h,l HILM).
tT H1L(M) then

b —a:l r,h +t  where

=

o
b. I
i=1

]

he, hel H .



Thus there exists k1 Ksuch that

b, =& r,k, +wT L(M) I K which implies that
i=1

KisL-purein M.

(2) Let M be an R-module and P is a direct
L-summand of M, there exists a submodule N
of MwithM =P+N and PIN I L(M).

For a finite sets {m}i M ,{p;}i P and

{r,}I Rwith p, =& r,m, .

For each i, m, —q+b where a1 P and
b T Nthen p =4ra+arhb or

a_rIJ , —pj-ariqu PINI L(M)thus

p; - afij%T PI1L(M)hencePisL-pure.
(3) Lete M =M,AM,, for a finite sets
{x;}i PAP, , {m}i M and {r,}i Rwith
X, =@ r,m where X and

=X

i 1] + X

d
m, =m, +m, ,then

=ar,m, +ar,m, . Thus there exist
yle P, and y, 1 P, such that

ér”yllTL(M)lPand

X1j Xy

ar|]y2| L(M)IP
Thus X, -arny, TLM)IPIL(M)IP,
=L(M)1(RAP).
Definition:

An R-module M is said to be L-flat if for
each finite subsets {x,x,,.,x,} and
{r,r,,..,r,} of M and R respectively such that
§ rx, =0 there exists dements y,,y,,...y,
i=1
in M and s; in R, 1£i£n,1£j £k that
%Iisfy the following :
l)as”r,— 1£j £k
2)asijyi-xiiL(M) 1£i £n

j=1

Let M be an R-module, and let F be a free
R-module over M. Let mbe the natura
projection from F onto M. Then there exists a
short exact sequence :

0%W®K ¥%® F %3 M %% 0
where K=ker 7= and i is the incluson map
from K into F. Such a short exact sequence is
caled a presentation for M.
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The following theorem gives different
characterizations for L-flat modules.

Theorem:

Let M be an R-module. Then the following
statements are equivalent:
1) M isL-flat R-module.
2) For each presentation for M

0%W®K %% F %3 M %% 0

and for each element ul K, there exists an
R-endomorphismg of F (may depend on u)
such that
a) (rod- m)(x)T L(M)
b) 6(u)=0

Proof:
Assume (1) and let ul K,
r in R such that

2 n

u:a rixai
i=1

"x1F

there exists
r,r

Then z(u)=& na(x,)=ara, =0
i=1 i=1

Since M is L-flat then there exists
{b} iMad s in R 1fign,
1£j £ such that a_sIJI =0,1£ j £mand

=1

é"is”bi -a,1 L(M), 1£j £m Since z is an
i=1

epimorphism there exists t,1 R,k =1,...,1
such that 7r(atkJ o) and
n(ath a) a,

Deflne an endomorphism of F on the basis
{x,:al U} asfollows

O(X ) aasu kj (x’ l£]£m

i=1k=1
0(x,)=x, foreach ot oy,cx
Now,
EOQ(X ) ﬂ'(X ) ﬂ’-(a asljtk] o{k) ﬂ’-(xa‘)

i=1k=1

(04

2y Uy

QJOJ

(a Sljtkj oy )_ ﬂ(Xal)

1

_(a SI] j

-a)l L(M)
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and 6(u) =6(§ X, )=§. ro(x, )

_ar(aasutkj oy ):O
i=1 i=l1k=1
Assume (2), and let {x,:o1 U be abasis for

the free module F and let {a} 1 M and
{ ri}in_ll' R such that § ra =0.
- i=1

Letu =§_rixi then

i=1

rW)=r(@ rx)=ara =0
i=1 i=1
Then ul kerr. From (2) there exists an

R-endomorphism 6 of F such that

a (rod-m)(x)T LM) "xIF

b) 6(u)=0
assumethat 6(x,) = asIJ i thenwe have
l)asurl— 1£j £k

2)a s; X; - 8, =m(0(x,))- x(x )T L(M)

1£i £n
Thus M is L-flat.

Remarks

1.1t is clear that every flat module and every
L-projective module (hence every projective
module) is L-flat.

2. L-flat module with zero prime radical isflat.

3. L-flat module may not be flat for example:

Consider the Z-module Z where p is prime

number. It is known that Z , = =U Z,

ni N

S={x,|nT N}and let F be the free module
over S Let a, be a generator of the cyclic
subgroups Z , of thegroup Z , consider the
short exact sequence
0%B® K LB F %M %30

where n(x,)=a, and K =kerr. Let ul K
then u=(u,u,,..u,,0,0,..)where u, 1 Z and
u, =0 fori >k, kT N . Define 6:F%%® F
asfollows:

Vol.13 (4), December, 2010, pp.181-185

183

Science

if y=§.tixi , t1Z put 6(y)=atx, itis
Clear tlh;t 6u)=0. Moreover, ZI:
prime submodules [5], thus L (Z ) =Z

Hence (r06- m)(y)l Z.=L(z,) which
show that Z, is L-flat. But Z, is not flat
Z-module since Z is integral domain and Z

has no

isnot torsion free [6].

A ring R is said to be a nice ring if
L(RIM=L(M) for each R-module M.
Equivalently, R is nice ring if and only if
L(N) =L(M)CN, for each submodule N of
M.[7]

Proposition:
Let R be a nice ring, M be an R-module

and P be a submodule of M. Then

1-If M /PisL-flat then PisL-pure.

2-1f M isL-flat and P is L-pure, then M / P is
L-flat.

Proof :

(1) Let p; T P and p, =én.rimi where
i=1

rTR,mI M thengrirﬁi =01 M /P but
i=1

M /PisL-flat, thenthereexists s; T R and
¥, T M /P suchthat

SR andars =0 where
VV' L(M /P) m, +P =(asijyi +W)+Pthen
j=1

k
m; - (é. Sijyi +W)T P

i=1

k
Put p, =m, - (é s,y *w), hence
j=1
3 8 | &
afi Pi =ari(mi - asijyi +W)
i= i=1 j=1
n n K
=ar|m ar| (aS|]y| +W)
i=1 i=1 =1
n n k
=é.r|mi - é. é. risijyi +ariW
i=1 i=1 j=1 i=1
=é.rimi +él’-W
i=1 i=1
Hence é rp-p, I LMM)IP.Thus P is
i=1
L-pure.



(2 Let {m} i M/Pand {r}" i Rsuch

that ;f-[ r,m, =0.
i=1

Then é rm =pi P. But P is L-pure then

i=1

thee  exists  {p} [ Psuch that
p - éripi =wi L(M)IP=L(P).

i=1
Henceg_ri (m -p)=wiLM)IP=L(P)

i=1

éri(mi - pi)'W:0

=§ r(m-p)- @ +0w +0w +..+0w) (n-
i=1
. 3 g
times) o=gr,(m -p)- aw, where
i=1 i=1
rr={t1'7 andw, =w for eachi .

and since M is L-flaa then there exists
s;T Ry,T M, 1£i £n,1£j £k such that

K
(m - p)-as,y, 1 L(M)then
j=1
Kk JE—
m-p-as,y,1LM)/Pbut m-p =m.

i=1

K

Thus m - as,y, 1 L(M/P) which implies
j=1

that M /P is L-flat.

Theorem :
Let R be a nice ring, then every L-pure
submodule of L-flat R-moduleis L-flate.

Proof :
Let M be an L-flat R-module and P an
L-pure submodule of M. let {x,,x,,...x,}I P

and {r,r,,...r.}1 R,with é r.x, =0. Since M
=1
y i M
and s; in R such that ésijri =0,1£j £k and
i=1

is L-flat then there exist {y,,y,,.

K
as,y, - x 1L(M), 1£i £n. But P is L-pure
=1
then there exists yg¢y#$...y¢ in P such that
K
as,yt-x, TL(M)IP=L(P)[7]. Thus P is
=1

L-flat.
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The following theorem gives different
characterization for flat modules [8].

Theorem:

Let M be an R-module. Then M s flat if
and only if each presentation for M

0@ K %% F %%® M ® 0

and for each ul K there exists an
R-homomorphism 61 End(F) that satisfies:
1. 6(u)=0
2. (m00)(F) =n(F).

Recall that a submodule N of an R-module
M is cdled smal in M if M =K +N implies
that M =K for each submodule K of M [9].

Proposition:
Every L-flat module with small prime

radical is flat.

Proof :

Let M be an L-flat R-module and L(M) is
small in M. Let 0® K#® F3®%i® M ® 0
be a presentation for M where F is a free R-
module and K =ker(z). It follows that

M =xn(F)=(ro08)(F)+L(M)where
01 End,(F). But L(M) is small in M, hence
n(F)=(r06)(F).ThusM isflat [§].

It is known that if M is a finitely generated
R-module, then Rad(M) the radical of M is
small in M [9] and hence L(M) issmall in M.

Corollary :
Every finitely generated L-flat module is

flat.
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