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Abstract.

In this paper we study two kinds of derivations on a semigroup ideal | of a near—ring N. The
first kind called Daif—derivation (Daif 1-derivation and Daif 2—derivation), the second kind is
called strong commutativity—preserving derivations. Bell and Mason, showed that a prime near—
ring N must be commutative if it admits any of these kinds of derivations, and we generalize thisto
asemigroup ideal 1.

Keywords and phrases : Prime near-ring, semiprime near-ring, semigroup ideal, Daif 1- derivation,
Daif 2—derivation, SCP- derivation.
Mathematical Subject Classification: 16Y 30, 16W25, 15U80.

1.Introduction mention, we refer to [7]. Throughout this
A left near-ring is a set N together with paper N will denote a zero—symmetric left
two binary operations (+) and (.) such that near — ring with multiplicative center Z(N) .

(N, +) isagroup (not necessarily abelian).and
(N, .) is a semigroup, for all a, b, ce N ; we Lemma 1:

have a(b+c) =ab+ ac. Anearring N iS ™| o5 peaderivation on anear—ring N and
called zero symmetric if Ox = 0, for all x € N. | semigroup ideal of N. Then

An additive mapping D: N—N is caled a D(xv) = DXV + XD(V). for all I
derivation if D(xy)= xD(y)+ D(x)y, for all (xy) = D(x)y + xD(y), foral xye I.

2. The Reaults

x,ye N. Further an element x € N for which Proof:

D(X)= 0 is called a constant. D is called Daif For al xyel, we have x(y+y)=xy+xy.
1- derivation if D is a derivation with the ~ Applying D for both sides, we get
property that —xy+D(xy) = —yx+D(yx), for all D(x(y+y)) =xD(y+y)+D(x)(y+y)
x,yeN, and Daif 2-derivation if D is a =xD(y)+xD(y) +D(x)y+D(X)y.
derivation with the property that xy+D(xy) = On the other hand, we have

yx+D(yx), for al x,yeN, [6].A mapping D is D(xy+xy) =D(xy)+D(xy)

called strong commutativity — preseriving =xD(y)+D(X)y+xD(y)+D(X)y.
derivation (scp_ derivation), if D is a  Comparing these two expressions gives
derivation such that xD(y)+D(X)y =D(X)y+xD(y)
[D(X),D()] = [xy], for all xyeN, [5]. A non D(xy) =D(Yy+xD(y)

empty subset | of N will be caled a foral xyi I.o

semigroup ideal if INc | and NI cI. A Lemma 2:

near-ring N is said to be a 2-torsion free if for " Le D be aderivation on a near—ring N
al ae N, 2a=0impliesa= 0. According to and | a semigroup ideal of N. Then (aD(b) +
Bell and Mason [3], and Bell and Kappe[2], 8 p(g)b)c = aD(b)c + D(a)be, for al abl | and
near —ring N issaid to be primeif xNy =0 d N.

for x, y¢e N implies x=0o0or y= 0, and
semiprime if xNx = 0 for xe N implies
x = 0. For xye N, the symbol [xy] will
denote the commutator xy-yx, while the

Proof:
Forall abl 1,cl N,weget
D((ab)c) =abD(c)+D(ab)c

symbol (x,y) will denote the additive — group =abD(c) +(aD(b) + D(a)b)c
commutator x+y-x-y. In[2] the derivation D On the other hand,

was called commuting if [x,D(x)] = 0, for all D(a(bc)) =aD(bc)+D(a)bc

x € N. As for terminologies used here without =abD(c) +aD(b)c+ D(a)bc

176



For these two expressons of D(abc), for al
abl 1,cl N we obtain that.
(aD(b) + D(a)b)c = aD(b)c + D(a)bc. o

Lemma 3
Let N be a near—ring and | a semigroup

ideal of N that admits a Daif 1-derivation D.

Then

(i) D(c) = c, for each commutator ¢ in I.

(i) D(2)[xy] = [xYy]D(2) , for al x,zI | and

yl N.

Proof:

(i) Let c=[x,y], where xI 1, yI N.Sothat cl
|.By the definition of Daif 1- derivation, we
have D([x,y])=[x,y], for al xi I, yI N.
Thus, D(c) = ¢ for each commutator ¢ in |.

(i) Since D isa Daif 1- derivation on I, we
have

—{xylz + D([x,y]2) = -z[xy] + D(zZ]xy]), for
al x,zI 1,yl N.

By Lemma(l), we get —[Xx,y]z+D([x,y])z +

[xYID(2) =—Z[x.y] + ZD([x,y]) + D(2)[x.y].

By application (i), we get

[x,y]D(2) = D(2)[xy], foral x,zI I,yl N.o

Lemma 4:

Let N be a prime near—ting and | a
semigroup ideal of N, that admits a Daif
1— derivation D. Then
(i) If c is a commutator in | and uc = vc,

whereu,v 1 1, then cD(u-v)=0.
(if) If c1 and c2 are commutators in | with
clc2 =0, then c1=0o0r c2=0.

Proof:

(iDLet c=[x,y] for al xi Iyl N. Then,by the
hypothesiswe have u[x,y]=v[x,y], for all
x,uvl 1, yl N.Applying D for both sides,
we get uD([x,y]) +D(u)[x,y]= vD([x.y])
+D(v)[xy], for al xuvl 1, yI N.By
Lemma (3) (i, ii), we get [xy]D(u)=
[x,y]D(v), for al xuvi 1yl N. Hence,
[x,y]D(u~v) =0. Thus, cD(u~v) = 0, for all
commutator cin | and uvl .

(i) If clc2 = 0 = 0c2, since c2 is a commutator
in I, (i) yields

CzD(Cl) =0 (1)

By Lemma (3) (i), since c; iscommutator in | we

get

Replace ¢, by yc;, where ye |, inequation (1),
we get
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c:D(yc1)) =0=cyD(cy)+ c:D(y)cy

Using Lemma (3) (ii), and equation (2) in
equation (3), we get cyD(c;)) = 0O, for Al
commutators ¢, ¢; inl and ye |. Hence, c; |
D(c1) = 0O, by Lemma (3) (i), since ¢1 is
commutator, we get c;1 ¢, = 0. Since |l isa
nonzero semigroup ideal of N and N isa
prime near—ringweget ¢c; = 0orc, = 0.0

Lemma 5:

Let N be a prime near-ring and | be a
nonzero semigroup ideal of N, then Z(l)c
Z(N).

Proof:
Let a # 0e Z(I).That means, [a,X] = O,

for dl xe |. Taking xy instead of X, where
ye N, weget [a, xy] = 0= X[a)y], for al axe
I, ye N, since ac Z(I) . Hence, I[a,y] = O,
since | is a nonzero semigroup ideal of N and
N is a prime near—ring, we obtain [a)y] = O,
for dl ae |, ye N. Hence, ae Z(N). o

Lemma 6:

Let N be a prime near—ring and |

semigroup ideal of N.

(i) If z isanonzero element in Z(N), then z
is not azero divisor.

(if) If there exists a nonzero element z of
Z(N) such that z+z € Z(N), then (1,+) is
abelian.

be a

Proof:

() If ze Z(N)\{O}, and zx= 0 for some xe I.
Left multiplying this egquation by b, where
be N, we get bzx = 0. Since ze Z(N), we
get zbx = 0, for be N, xe |. Hence, ZNx=0,
since N is a prime near—ring and z is a
nonzero element, we get x=0.

(i) Let ze Z(N){0O} be an element, such that
z+ze Z(N),and let x,yel, then (x+y)(z+2)=
(z+2)(xty).Hencexz+ xz+ yz + yz
o+ zy+zx+zy. Since zeZ(N),we get zx + zy
= zy + zx.Thus, z(x+y—-x-y) = 0. The Left
multiplicative this equation by b, where
be N, we get bz(x,y)= 0, for al x,y € | and
beN.Since N is multiplicative with center
Z(N),we get zZb(x,y)= O,for al x,ye I, be N.
Hence, zZN(x,y) = 0.Since N is a prime
near-ring and z is a nonzero element, we get
(x,y)=0, for al xye I|.Thus(l, +) is
abelian.o
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Lemma 7:

Let D be a nonzero derivation on a prime
near—ring N and | be a nonzero semigroup
ideal of N. ThenxD(l) = O implies x=0 and
D(l)x= 0 implies x = 0, where xe N.

Proof:

Let xD(l) = 0,and let re N, se I. Then,
0= xD(sr) = xsD(r) + xD(9)r, thus xsD(r) = 0,
for x,re Nand se I. Hence, xID(r) = 0. Since
| is a semigroup idea of N, we get
XIND(r) =0. Since N is a prime near—ring, |
is anonzero semigroup ideal of Nand D isa
nonzero derivationon N , we get x = 0. By
smilar way, we can show that if D(I)x = O,
fordl xe N, then x=0. o

Lemma 8:

Let N be a prime near-ring and | a nonzero
semigroup ideal of N. If N is 2 — torsion free
and D is a derivation on N such that D?(1)=0,
then D(l) = 0.

Proof:

Suppose D is a nonzero derivation, For
arbitrary x,ye |, we have
0 = D°(y)= D(D(y))=D(xD(y) +D(X)y)=
xD(y)+ D(X)D(y)+D(x)D(y)+ D(x)y.
By the hypothesis, we get 2D(X)D(y) = 0, for
al xye I. Since Nisa 2 - torsion free, we
get D(X)D(y) = 0. Thus, D(X)D(I) = O, for all
xe |. By Lemma (7), weget D(I) = 0.0

Lemma9:

Let N be a prime near—ring and | a nonzero
semigroup ideal of N.If | is commutative, then
N isacommutative ring.

Proof:

For al a,be 1,[a,b] = 0. Taking ax instead
of aand, by instead of b, where x,ye N, we
get [ax,by] = 0. Since | is commutative
semigroup ideal of N, we have 0 = axby —
byax = baxy — byax = abxy — abyx = ab[x,y],
for dl abe I, x,ye N. Thus, ab[xy] = 0 =
12[x,y]. Since | is a semigroup ideal of N, we
get I°N[xy] = O, for al xye N. SinceNisa
prime near—ring and | is nonzero, we get
[xy] = O, for al xye N. Hence, N is a
commutative ring. o

Lemma 10:
Let D be aderivation on a near-ring N
and | a semigroup ideal of N, suppose ue | is
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not a left zero divisor. If [u,D(u)] = O, then
(x,u) isaconstant for every xe |.

Proof:

From u(ut+x)
both sided we have
uD(u+x)+D(u)(u+x)=uD(u)+D(u)u+uD(x)+
D(u)x. Which reduces to uD(x)+D(u)u
D(u)u+ uD(x), for dl uxe 1. Using the
hypothesis  [u,D(u)]=0,this  equation is
expressible as u(D(x)+ D(u) -D(x)— D(u))=0=
uD((x ,u)). Since u is not aleft zero divisor, we
get D((x,u)) = 0.Thus, (x,u) is a constant for
every xe |. o

u’+ux, apply D for

Theorem 1:

Let N be a near-ring and | a semigroup
idea of N with no nonzero divisors. If N
admits a nonzero derivation D which is
commuting on I, then (N, +) isabelian.

Proof:

Let ¢ be any additive commutator in 1.
Then, by Lemma (10) yields that c is a
congtant. For any xe |, xc is aso an additive
commutator in |. Hence, also a constant. Thus,
0 = D(xc) = xD(c) + D(x)c. First summand in
this equation equals zero, hence D(x)c = O,
for al xe | and an additive commutator c in 1.
Since D(x) # 0, for some xe | and | has no
nonzero divisors of zero, we get ¢ = O, for all
additive commutator c in I. Hence, (I, +) is
abelian. By [1], we get (N, +) is abelian. o

Lemma11l:

Let N be a prime near—ring which admits a
nonzero derivation D and let | be a semigroup
idea of N suchthat D(I)c Z(N), then (I, +)

is abelian. If N is a 2 — torsion free and
D()c |, thenl isacentral idedl.
Proof:

Since D(I)c Z(N) and D is a nonzero
derivation, there exists a nonzero element
x in 1, such that z=D(x)eZ(N)\{0}.And,
z+z =D(X)+ D(X)=D(x+x)e Z(N).Hence,
(I,+) is abeian by Lemma (6) (ii). Using
hypothesis, for any abe | and ce N,
cD(ab) = D(ab)c. Using Lemma(2), we have
caD(b)+cD(a)b=aD(b)c+D(a)bc. But D(l)c
Z(N) and (I, +) is abelian, so we get caD(b)+
D(a)cb = acD(b) + D(a)bc. So, we have
[c,.a]D(b) = D(a)[b,c], for dl abe I, ce N.
Suppose that | isnot acentral ideal. Choosing



be | and ce N such that [b,c] 0. And since
D()cl, let a= D(x)e Z(N), wherexe |, we
get [c,D(X)]D(b) = D*X)[b, c], for al x,be I,
ce N. Then, DX)[b,c] = 0, for al xe I. By
Lemma (6) (i), the central dlement D?(x) can
not be a nonzero divisor of zero, then we
conclude that D*x) = O, for al xe |. By
Lemma (8), we get D(x) = 0, which is a
contradiction since D is a nonzero derivation
on N.So, we get [b,c] = O, contradiction with
assumption. Hence, | isacentral ideal. o

Theorem 2:

Let N be a prime near—ring that admits a
nonzero derivation D and let | be a semigroup
ideal of N such that D(1)c Z(N). Then (N, +)
is abelian. If N is 2 — torsion free and D(I)c |,
then N isacommutative ring.

Proof:

By Lemma (11), we have (I,+) is
abelian,and by [1], (N,+) is abelian. Now,
assume N is 2 — torsion free. By applying
Lemma (11), we get | isacentral ideal. Thus, |
is a commutative. By Lemma (9), we get N is
acommutative ring. o

Theorem 3:

Let N be aprime near—ring and let | bea
nonzero semigroup ideal of N  admits a
nonzero Daif 1- derivation D.Then (N, +) is
abelian. If N is 2 —torsion freeand D(l)c |,
then N isacommutative ring.

Proof:

Since [x,xy] = x[xy], for al xe I, ye N.
By Lemma (3) (ii), we have

D(@X{xy] = X[xy]D(2) = xD(2)[xy], for

al xze | and ye N.
By Lemma (4) (i), we get [xy]D(D(2x —
xD(2) = 0, for dl x,ze | and ye N. Hence,
[xy]D([D(2), x]) =0, for al x,ze 1, ye N. By
Lemma (3) (i), we get [xy][D(2), X] = 0. By
Lemma (4)(ii), we obtain either [xy]=0 or
[D(®,Xx]=0, for dl xze 1, ye N. If
[D(2), X 0, for dl x,ze I, then, D(l)c
Z(1).By Lemma(5),we get D(I)c Z(N). Thus,
by Theorem (2), we complete the proof of the
theorem. Now, if [x,y]=0, for al xe |, ye N.
Taking xD(2) instead of x, where z € I, we get
[XD(2), y] = 0 = X[D(2), y], for al xze I,
ye N. Hence, I[D(2),y] =0,for al ze I, ye N.
Since | is a nonzero semigroup ideal of N
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and N is a prime near—ring, we get
[D(2, y] = O, for dl ze I, ye N. So,
D()c Z(N). Agan by Theorem (2), we
complete the proof in this case. o

Theorem 4:

Let N be a prime near—ring and let | be a
nonzero semigroup ideal of N admits a Daif
2—derivation D.Then N isacommutative ring.

Proof:

Since D isa Daif 2—derivationon I, we
have D([xy]) = —xy + yx, foral xe I, ye N.
Replacing y by xy in thisequation, we get
D([xxyl)= —xxy+xyx  =x(-xy+yx),for
x,ye l.

On the other hand,

D([xxy])=D({x y]) =xXD([x, y])+D(X)[xy]
=X(- xy+yx)+D(x)[x ]

It follows from the two expressons for

D([x,xy]) that

D(x)xy =D(x)yx,for all xI 1yl N
Replacing y by yz in equation (4), where zel,
we get
D(x)xyz = D(x)yzx, for all x,zI 1,yl N ......(5)
Right — multiplbing equation (4) by z where
ze |, weobtain
D(x)xyz = D(x)yxz, for all x,zI I,yl N .....(6)
Combining equation (5) and equation (6), we
get D(X)y[x,Z=0, for al x,ze I, ye N. Hence,
D(X)N[x,Z = 0. Since N isa prime near—ring,
weget D(X)=0 or [x,Z=0.If D(X)=0=D(w),
for all x,we |. Then by the defining equation
D([x,w])=D(xw—wx)=D(X)w+ x D(w)—
D(W)x-wD(X)= —xw+ wx, for al x,we 1.
Weget [wx] =0, foral xwel.Thus, | isa
commutative and by Lemma (9), weget N is
a commutative ring. If [x,Z] = O, for all x,ze |I.
Then | is commutative. And by Lemma (9),
we get N isacommutativering. o

all

Lemma 12:

Let N be a prime near—ring and let | a
nonzero semigroup ideal of N. If D is an scp—
derivationon 1, thenthe constantsin | arein
Z(N).

Proof:

Let xbeacongant inl. i.e. D(X) = 0. Since
D is a scp-derivation on |, we have
[xy] = [D(¥), D(y)] =[0, D(y)] = 0, for all
ye |. Then, xe Z (I). By Lemma (5), we get
xe Z(N). o
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Theorem 5:

Let N be a prime near—ring and let | be a
nonzero semigroup ideal of N, with no nonzero
divisors. If | has right cancellation, D is a
nonzero scp—derivation on | and D(l)cl, then
D iscommuting and (N, +) is abelian.

Proof:

[x, xD(X)]=[D(X),D(XD(X))] , for all X1 I .......... @)
By Lemma (1) and (2), the right — hand side of
equation (7) equals

DX)xD?(x)+D(X)°* -D(x)°*~xD*(x)D(x) =
D(X)XD?(x) —xD*(X)D(x).
The left — hand side of equation (7) equals
X[,D(x)] = X[D(X),D*(x)] = xD(x)D*(x)
—xD*(X)D(x), for al xe I.
It follows from equation (7) that
xD(X)D?(x) = D(X)xD?(x), for all xI I....... (8)
If D%x) = 0, for al xe |. Then, D(x) is
congtant in I, by Lemma (12), we get D is
centra. Thus, D is commuting in |. By
Theorem (1), we get (N, +) is abelian.
Otherwise, D*(X) can be cancelled on the right
in equation (8). In either event, [x,D(X)] = O,
for al xe I. Thus, by Theorem (1), we get
(N, +) isabelian. o

Theorem 6:

Let N be a near—ring and let | be a nonzero
semigroup ideal of N, that has no nonzero
divisors of zero. If D is a nonzero scp-
derivation on | which is commuting on |,
then N isacommutative ring.

Proof:

For al x,ye I,we have [x,xy]=[D(x), D(xy)]
= [D(X),xD(y)+D(x)y]. By Lemma (2), we get
[xxy]=D(x)xD(y)+ D*(x)y-xD(¥)D(X)-
D(X)yD(x). Since D is commuting, by Theorem
(), (N, +) is abelian, then we get
X[x,y]= X[D(x),D(y)]= X[D(x),D(y)]+
D(X)[D(x),y], for dl xye |
Hence, D(X)[D(x),y] = O, for al x,ye I. Since
I has no nonzero divisors and D is nonzero, we
conclude that [D(x),y] = 0, for al x,yel. In
paticular, for al xyzel, we have
[D(X),zD(y)] = 0 = ZD(x),D(y)]. Hence, |
[D(X),D(y)]=0, for al xye 1. Since | is a
nonzero semigroup ideal of N and N isa prime
near—ring, we get [D(X),D(y)] = 0, for all
x,ye |. Thus, we conclude that [x,y] = O, for
al x,yel. Hence, | is commutative. By Lemma
(9), weget N isacommutativering. o
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