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Abstract  
The self-consistent Hartree-Fock (HF) calculations with several Skyrme parameterizations; 

SKM, SKM*, SLY4, SKxs25, MSK7, SKO, SKxta, and SKxtb have been used to investigate some 

static nuclear ground-state properties of some Chromium (
50-54

Cr) isotopes. The nuclear ground 

state charge, mass, neutron and proton densities with the corresponding root mean square radii, the 

charge form factors, the total binding energies and the neutron skin thickness can be calculated. The 

calculations are performed using NuShellX@MSU code, where the deduced results led to 

specifying one set or more of Skyrme parameterizations that used to achieve the best agreement 

with the available experimental data.     [DOI: 10.22401/ANJS.22.2.05] 
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Introduction 

Nuclear structure theory aims to build an 

extensive microscopic framework in which the 

nuclear properties can be explained. Many 

microscopic theoretical methods were focused 

on studying the nuclear structure of nuclei that 

are located near and far from the stability line. 

The Hartree-Fock (HF) self-consistent mean-

field method in addition to several effective 

interactions provide an appropriate description 

of the nuclear structure of nuclei and the 

ground state properties such as binding 

energies and nuclear density distributions with 

their corresponding root mean square (rms) 

radii. 

A considerable simplification of HF 

calculations was achieved with the aid of 

Skyrme effective interaction which is 

considered as the most common interaction. 

The combination between HF method and 

Skyrme interaction forms an effective model 

named Skyrme-Hartree-Fock (SHF) model, 

which has the ability to explain successfully 

various nuclear properties such as density 

distributions, nuclear radii and nuclear 

deformations [1, 2].  

The nuclear ground state properties, 

especially the nuclear density distributions, 

give much detailed information about the 

shape and size of nuclei since they are related 

to the wave functions of nucleons and 

represent as very important key points for 

many nuclear studies and investigations. 

Furthermore, these properties offer a precise 

test for many nuclear models and provide 

valuable and accurate details concerning the 

nuclear structure. 

The high-energy electron scattering 

experiments from nuclei provide clear 

conceptions about the nuclear charge density 

distribution (CDD) and the related charge form 

factor, where both nuclear properties carry 

exactly the same amount of information [3]. 

The aim of this research is to investigate 

several static ground state properties of 
50-54

Cr 

isotopes using the SHF method with Skyrme 

parameterizations; SKM [4], SKM* [4], SLY4 

[5], SKxs25 [6], MSK7 [7], SKO [8], SKxta 

[9], and SKxtb [9]. The calculations are 

performed using NuShellX@MSU code [10] 

and the deduced results will be compared with 

the available experimental data. 

 

Theory 

The Skyrme force is considered as the 

most appropriate force that can be used to 

describe the nuclear ground state properties in 

conjunction with HF calculations. This force 

consists of two parts; the first part    
   

 is the 

momentum dependent two-body part, and the 

second part     
   

 is the zero-range three-body 

part. The Skyrme force is given by [1, 11]: 
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For even-even spin saturated nuclei, we 

have: 
 

    
   

      
     

 

 
             

            .. (4) 
 

with: 
 

 ̂   
 

 
 (     ̂     ̂ )  ................................... (5) 

 

where            ,             are 

Dirac delta functions,   ̂ are the Pauli spin 

matrices,    is spin-exchange operator and 

      is the isoscalar density. The vectors  ⃗ ̂ 

and  ⃗ ̂  are the relative (momentum) wave 

vector operators of two nucleons acting to the 

right and to the left, respectively; and given 

by: 
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The density dependent Skyrme interaction 

has the form [12, 13]:  
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where           ⁄  and          are 

the center of mass coordinates and the relative 

distance, respectively. t0, t1, t2, t3, W0, x0, x1, x2, 

x3 and   are the Skyrme free parameters 

describing the strengths of different interaction 

terms. These parameters are determined from 

the comparison between the calculated and the 

experimental nuclear ground state properties 

such as binding energies, nucleon densities 

and rms radii. 

The charge, neutron and proton densities in 

spherical representation are given by [12]: 
 

      ∑         
                     

 ............................... (8) 
 

where    and     are the occupation 

probabilities of the state  ; and   denote to the 

charge, neutrons and protons of the nucleus. 

The neutron, proton and charge mean 

square radii are given by [14]: 
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The neutron skin thickness is a very 

important quantity utilized to describe the 

distributions of neutrons in nuclei. It is defined 

as the difference between the neutron and the 

proton rms radii as [15]: 
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  ⁄
  ................. (10) 

 

The charge form factors are obtained from 

the ground-state CDDs, where the form factor 

is simply transformed to the CDD with using 

the Fourier-Bessel transformations and vice 

versa [16, 17]. Therefore: 
 

        
  

 
 ∫          

 

 
            ...... (11) 

 

where                   is the zeroth 

order spherical Bessel function and q is the 

momentum transfer from the incident electron 

to the target nucleus. In the limit    , the 

target will be represented as a point particle, 

and the form factor of this target is equal to 

unity         . 

 

Results and Discussion 

Most nuclear ground state features, such as 

nuclear shapes and radii, for some Cr-isotopes, 

have been studied within this work with the 

aid of the HF method in addition to several 

common Skyrme parameterizations that are 

tabulated in Table (1). The calculations 

included the density distributions of nuclear 

charge, proton, neutron and mass as well as the 

associated radii. The total nuclear binding 

energies, the neutron skin thickness and the 

charge form factors have been investigated and 

compared with the available experimental 

results. 
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The charge rms radii for the considered 

isotopes are calculated and listed in Table (2) 

and plotted in Fig.(1) together with the 

available experimental values [18]. The 

calculated charge rms values were found to 

increase progressively from 
50

Cr to 
54

Cr (from 

N=26 to N=31) as the neutron number 

increases. The calculated charge rms values 

for 
50

Cr, 
52

Cr, 
35

Cr and 
54

Cr with using SLY4, 

SKM*, SKxta, and SLY4 parameterizations, 

respectively; are more close to the 

experimental values than the other values that 

were deduced with using the other Skyrme 

parameterizations. 

 

 

Table (1) 

The Skyrme parametrizations used in the present work. 
 

 t0 t1 t2 t3 W0 X0 X1 X2 X3   

SKM [4] -2645.0 385.0 -120.0 15595.0 130.0 0.09 0.0 0.0 0.0 0.167 

SKM* [4] -2645.0 410.0 -135.0 15595.0 130.0 0.09 0.0 0.0 0.0 0.167 

SLY4 [5] -2488.91 486.82 -546.39 13777.0 123.0 0.834 -0.344 -1.0 1.354 0.167 

SKxs25 [6] -2887.813 315.504 -329.305 18299.807 163.933 -0.186 -0.248 -0.601 -0.409 0.167 

MSK7 [7] -1828.230 259.400 -292.840 13421.700 118.807 0.577 -0.500 -0.500 0.783 0.333 

SKO [8] -2103.7 303.4 791.7 13553.0 118.0 -0.211 -2.81 -1.46 -0.43 0.25 

SKxta [9] -1443.180 257.229 -137.843 12139.420 180.441 0.341 0.580 0.167 0.0 0.500 

SKxtb [9] -1446.759 250.852 -132.993 12127.649 153.054 0.329 0.518 0.139 0.018 0.500 

 

Table (2) 

Calculated charge rms radii (fm) using different Skyrme parametrizations in  

comparison with experimental data. 
 

A SKM SKM* SLY4 SKxs25 MSK7 SKO SKxta SKxtb EXP. [18] 

50 3.624 3.647 3.659 3.673 3.652 3.619 3.636 3.633 3.6588   0.0065 

52 3.623 3.646 3.659 3.668 3.656 3.619 3.642 3.638 3.6452   0.0042 

53 3.632 3.655 3.669 3.671 3.663 3.626 3.649 3.645 3.6511   0.0075 

54 3.641 3.664 3.679 3.674 3.671 3.633 3.655 3.652 3.6885   0.0074 

 

 
 

Fig.(1): Calculated rms charge radii for 
50-54

Cr isotopes compared with the experimental data 

taken from Ref. [18]. 
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In order to perform further study about the 

nuclear radii for the selected isotopes, the 

proton, neutron and mass rms radii are 

calculated and the obtained values are 

presented in Tables (3), (4), and (5), 

respectively. It is very apparent from these 

tables that all calculated radii slightly increase 

for the sequential isotopes as the neutron 

number increases. The nuclear interaction 

between the additional neutrons and the other 

nucleons plays a major role in redistributing 

the nucleons inside nuclei, which affects the 

nuclear size to make it slightly larger. 

 

 

 

 

 

 

 

 

 

 

 

 

Table (3) 

Calculated proton rms radii (fm) for the selected Cr-isotopes. 
 

A SKM SKM* SLY4 SKxs25 MSK7 SKO SKxta SKxtb 

50 3.547 3.571 3.583 3.598 3.577 3.543 3.560 3.557 

52 3.550 3.574 3.588 3.596 3.584 3.546 3.570 3.566 

53 3.561 3.584 3.599 3.600 3.593 3.554 3.578 3.574 

54 3.571 3.594 3.610 3.605 3.601 3.563 3.585 3.582 
 

Table (4) 

Calculated neutron rms radii (fm) for the selected Cr-isotopes. 
 

A SKM SKM* SLY4 SKxs25 MSK7 SKO SKxta SKxtb 

50 3.544 3.566 3.578 3.595 3.559 3.556 3.560 3.553 

52 3.589 3.610 3.622 3.651 3.603 3.608 3.617 3.603 

53 3.629 3.650 3.665 3.690 3.634 3.649 3.651 3.638 

54 3.667 3.687 3.705 3.728 3.665 3.689 3.687 3.671 
 

Table (5) 

Calculated mass rms radii (fm) for the selected Cr-isotopes. 
 

A SKM SKM* SLY4 SKxs25 MSK7 SKO SKxta SKxtb 

50 3.546 3.568 3.580 3.596 3.567 3.550 3.560 3.555 

52 3.571 3.594 3.606 3.626 3.594 3.580 3.595 3.586 

53 3.598 3.620 3.635 3.649 3.615 3.606 3.618 3.609 

54 3.625 3.646 3.663 3.674 3.637 3.634 3.642 3.632 

 

The CDD profiles are obtained with 

Skyrme parameterizations that are used in this 

study. The obtained results are demonstrated 

in Figs.2(a)-2(d) and compared with the 

experimental data [19]. The calculated CDD 

for 
50

Cr, 
52

Cr, and 
54

Cr with SKM* and for 
53

Cr with MSK7, provide good agreement with 

the experimental data along most regions of r. 

The inset figures are plotted to achieve a better 

understanding of Skyrme set that succeeded in 

explaining the experimental data. 
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Fig.(2): Calculated charge density distributions for 

50-54
Cr isotopes. The inset figures are 

embedded to clarify the agreement between the calculated CDD and experimental data. The 

experimental data are taken from Ref. [19]. 

 

The proton, neutron, and mass density 

distributions are calculated with the same 

Skyrme sets that were successful in providing 

CDD profiles completely consistent with the 

experimental data. These calculation are 

performed using SKM* for 
50

Cr, 
52

Cr, and 
54

Cr 

isotopes and MSK7 for 
53

Cr isotope. The 

theoretical results are presented in Figs.3(a)-

3(d). The inset figures are plotted to illustrate 

the behavior of the density distributions at the 

tail regions. The Figs.3(a) and 3(b) that 

contain the charge and proton density 

distributions, show clearly the decrease and 

compression of the density distributions for the 

sequential isotopes at central and tail regions 

as a result of the increase of neutron number. 

The fall-off and the tail regions of the neutron 

and mass density distributions given in the 

Figs.3(c) and 3(d), show clearly the extension 

of the density distributions as a result of 

adding neutrons to 
50

Cr nucleus up to 
54

Cr 

nucleus. 
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Fig.(3): Calculated density distributions for 
50-54

Cr isotopes. The inset is in logarithmic scale. 

(a) charge density, (b) proton density, (c) neutron density, and (c) mass density. 
 

The total nuclear binding energies are 

calculated and presented in Table (6). This 

Table is supported by Fig.(4) that includes a 

comparison between the theoretical calculated 

binding energy per nucleon and the 

experimental values [20]. The calculated 

binding energy of 
50

Cr isotope with SKO 

parameterization is closer to experimental 

value than the other values obtained using the 

other Skyrme parameterizations. The 

calculated values for 
52

Cr, 
53

Cr, and 
54

Cr with 

SKM*, MSK7, and SKM* parameterizations, 

respectively, agree excellently with the 

corresponding experimental ones. Table (6) 

shows that the nuclear binding energies of the 

considered Cr-isotopes increase progressively 

from 
50

Cr up to 
54

Cr with increase of neutron 

number. The higher values of binding energy 

per nucleon of 
52

Cr isotope that are shown 

explicitly in Fig.(4), are attributed to the 

neutron magic number (N=28), where the 

nuclei having proton number Z or neutron 

number N or both equal to magic numbers are 

more stable; almost having spherical shape 

(small electric quadrupole moments), and 

higher average binding energy per nucleon in 

comparison with neighboring nuclei [21]. 
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Table (6) 

The total binding energy (MeV) for the selected Cr-isotopes. 
 

A SKM SKM* SLY4 SKxs25 MSK7 SKO SKxta SKxtb EXP.[20] 

50 439.329 430.486 429.399 426.678 429.206 433.345 427.906 427.632 435.051 

52 465.859 456.619 454.817 451.804 455.216 458.882 453.594 452.684 456.350 

53 474.320 465.244 462.854 460.949 464.209 467.404 462.107 461.161 464.289 

54 482.779 473.857 470.954 469.865 473.029 475.757 470.210 469.374 474.008 
 

 
 

Fig.(4): Calculated binding energies per nucleon for 
50-54

Cr isotopes compared with experimental 

data taken form Ref. [20]. 
 

The surplus of neutrons at the surface 

regions of nuclei is defined as the neutron skin 

thickness (t) that can be deduced from the 

difference of the rms radii of neutrons and 

protons. The obtained values for all considered 

isotopes are listed in Table (7) and plotted in 

Fig.(5). The neutron skin thickness values 

increase with increase of the neutron number 

and the negative values for 
50

Cr indicate that 

the proton rms radii are larger than the neutron 

rms radii. 

 

 

 

 

 

 

 

 

 

 

Table (7) 

Calculated neutron skin thickness (fm) for the selected Cr-isotopes. 
 

A SKM SKM* SLY4 SKxs25 MSK7 SKO SKxta SKxtb 

50 -0.004 -0.005 -0.005 -0.002 -0.018 0.013 0.000 -0.004 

52 0.038 0.037 0.034 0.055 0.018 0.062 0.046 0.038 

53 0.068 0.066 0.066 0.090 0.041 0.094 0.074 0.063 

54 0.096 0.093 0.096 0.124 0.063 0.126 0.102 0.089 

 

 
 



Ehsan M. Raheem 

38 

 

 
 

Fig.(5): The neutron skin thickness for 
50-54

Cr isotopes. 
 

The elastic charge form factors are 

important quantities that are measured 

experimentally and assist to give a complete 

description about the charge density 

distributions of nuclei. The elastic charge form 

factors are calculated using SKM* 

parameterization for 
50

Cr, 
52

Cr, and 
54

Cr 

isotopes and using MSK7 parameterization for 
53

Cr isotope, where these sets of Skyrme 

parameterizations have succeeded in 

describing the experimental data of CDD for 

the considered isotopes. Fig.(6), shows a 

comparison between the calculated (solid 

curves) and experimental data (hollow circles) 

[19]. Experimental data are explained 

excellently by the calculations for all isotopes 

for all momentum transfer regions except the 

small deviation noticed at high momentum 

transfer beyond q 2.45 fm
-1

 for 
50

Cr and 

beyond q 2.25 fm
-1

 for 
52

Cr. This excellent 

agreement involved the first and the second 

diffraction minima that are located at  

q 1.1 fm
-1

 and q 1.85fm
-1

 respectively. 

 

 
 

Fig.(6): The charge form factors calculated for 
50

Cr, 
52

Cr (  10
2
), 

53
Cr (  10

4
), and 

54
Cr (  10

6
). 

The experimental data are taken from Ref. [19]. 
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Conclusions 

From the inspection of all obtained results, 

one can deduce the following conclusions: 

1. Our calculations confirm the ability of the 

SHF method to describe the nuclear 

structure of the spherical nuclei in its 

ground state. 

2. The calculated CDD and the corresponding 

charge form factors for 
50

Cr, 
52

Cr, and 
54

Cr 

with SKM* and for 
53

Cr with MSK7, are in 

excellent agreement with the experimental 

data. 

3. The calculated binding energies for 
50

Cr, 
52

Cr, 
53

Cr, and 
54

Cr with SKO, SKM*, 

MSK7, and SKM* parameterizations agree 

excellently with the corresponding 

experimental ones. 

4. The calculated rms radii increase 

progressively from 
50

Cr up to 
54

Cr as the 

neutron number increases. 

5. The calculated charge rms radii for 
50

Cr, 
52

Cr, 
53

Cr, and 
54

Cr with SLY4, SKM*, 

SKxta, and SLY4 are more close to the 

experimental data than the other values that 

are deduced using the other Skyrme 

parameterizations. 

6. The charge rms radii are larger than the 

proton rms radii. 

7. The large values of binding energy per 

nucleon of 
52

Cr isotope are attributed to the 

magic neutron number for this isotope. 

8. The neutron skin thickness increase 

gradually from 
50

Cr up to 
54

Cr as the 

neutron number increases. 
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